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ABSTRACT 

A steady boundary-layer flow of water based nanofluids over a moving permeable surface were analyzed. 

The plate was assumed to move in the same or opposite direction to the free stream. The model describing 

the flow regime characterizes the Sakiadis and Blasius flow scenarios. The PDEs in the governing 

equations were transformed into ODEs with the help of similarity transformations. The transformed 

equations were solved numerically by the shooting method with Runge-Kutta integration scheme. Effects of 

the governing parameters were thoroughly studied and explicitly explained graphically and in tabular form. 

Numerical results of the velocity field, temperature distribution, skin friction and Nusselt number were 

obtained. The results were compared with previous works and they are found in excellent agreement. 

Keywords: Magnetic field, Boundary-layer flow, Moving surface, Water-based nanofluids, Steady flow, Permeable 

surface. 
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Contribution/ Originality 

For further applications, new improvements of the models of Motsumi and Makinde [15] 

were made by including uniform magnetic field and Ohmic effects. Accordingly, the paper briefly 

explains effects of the various governing parameters on velocity and temperature profiles, skin 

friction and wall heat transfer rate for both Blasius and Sakiadis flow situations.  

 

1. INTRODUCTION 

Nanofluids are new class of heat transfer fluids which contain a base fluid and nanoparticles. 

They are characterized by an enrichment of a base fluid like Water, toluene, Ethylene glycol or oil 

with nanoparticles in variety of types like Metals, Oxides, Carbides, Carbon, etc. Today, 

nanofluids are sought to have wide range of applications in medical applications, biomedical 

industry, detergency, power generation in nuclear reactors and more specifically in any heat 
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removal involved industrial applications. The ongoing research ever since then has extended  to  

utilization  of  nanofluids  in microelectronics, fuel cells, pharmaceutical processes, hybrid-

powered engines, engine cooling, vehicle thermal management, domestic refrigerator, chillers, 

heat exchanger, nuclear reactor coolant, grinding, machining, space technology, defense and 

ships, and boiler flue gas temperature reduction [1]. A comprehensive survey of convective 

transport in nanofluids has been made by Buongiorno [2] he gave satisfactory explanation for the 

abnormal increase of thermal conductivity and viscosity relative to the base fluid. 

Many applications of MHD boundary layer flows of heat and mass transfer over flat surfaces 

are found in many engineering and geophysical applications such as geothermal reservoirs, 

thermal insulation, enhanced oil recovery, packed-bed catalytic reactors, cooling of nuclear 

reactors. Boundary layer flow of nanofluids over a moving surface in a flowing fluid was nicely 

explained by Bachok, et al. [3]. Moreover, Olanrewaju, et al. [4] also studied boundary layer 

flow of nanofluids over a moving surface in a flowing fluid in the presence of radiation. Ahmad, et 

al. [5] presented a numerical study on the Blasius and Sakiadis problems in nanofluids under 

isothermal condition. Hady, et al. [6] studied the Blasius and Sakiadis flow in a nanofluid through 

a porous medium in the presence of thermal radiation under a convective surface boundary 

condition. A  study  on  boundary  layer  flow  of  a  nanofluid  past  a stretching  sheet  with  a  

convective  boundary  condition  was conducted by Makinde and Aziz [7]. Khan, et al. [8] 

examined the unsteady free convection boundary layer flow of a nanofluid along a stretching 

sheet with thermal radiation and viscous dissipation effects in the presence of a magnetic field. 

Magnetic field effects on free convection flow of a nanofluid past a vertical semi-infinite flat plate 

was studied by Hamad, et al. [9]. Hamad and Pop [10] theoretically studied a similarity solution 

of the steady boundary layer flow near the stagnation-point flow on a permeable stretching sheet 

in a porous medium saturated with a nanofluid and in the presence of internal heat 

generation/absorption. 

Thermal radiation effects have substantial applications in many industrial areas, such as 

electrical power generation, solar power technology and aerospace engineering. Hady, et al. [11] 

studied the flow and heat transfer characteristics of a viscous nanofluid over a nonlinearly 

stretching sheet in the presence of thermal radiation. Effects of a thin gray fluid on MHD free 

convective flow near a vertical plate with ramped wall temperature under small magnetic 

Reynolds number was studied by Rajesh [12]. Moreover, MHD Flow and heat transfer over 

stretching/shrinking sheets with external magnetic field, viscous dissipation and joule effects was 

studied by Jafar, et al. [13]. Heat transfer in a viscous fluid over a stretching sheet with viscous 

dissipation and internal heat generation was studied by Vajravelu and Hadjinicolaou [14]. 

The simultaneous effects of magnetic field, thermal radiation, viscous dissipation, ohmic 

effects and permeability of surfaces on heat transfer of nanofluids over a moving flat plate has 

been analyzed. Accordingly, the models and new improvements are presented in this work 
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extending the work of Motsumi and Makinde [15] to include uniform magnetic field and ohmic 

effect in the momentum and energy equations respectively, for further applications. The 

governing boundary layer equations are reduced to a system of ordinary differential equations by 

using similarity transformations. The transformed equations are solved numerically by using the 

shooting technique with Runge-Kutta integration scheme. The influence of the various governing 

parameters on the velocity profile, temperature profile, skin friction and Nusselt numbers are 

discussed in detail.  

  

2. FORMULATION OF THE PROBLEM 

We considered two dimensional steady laminar boundary layer flow of water-based 

nanofluids Cu-water and Al2O3-water over a flat permeable plate moving with a constant velocity 

   in the same or opposite direction to the free stream velocity          . The x-axis 

extends parallel to the plate surface while the y-axis extends normal to the surface. The flow field 

contains a uniform magnetic field, thermal radiation and viscous dissipation. The magnetic field is 

applied parallel to the  -axis. At the moving surface, the temperature takes a constant value   . 

Both the base fluid and the nanoparticles are assumed to be in thermal equilibrium and no slip 

occurs among them. Taking these conditions into account, the governing boundary layer equation 

of continuity, momentum and energy could be written in Cartesian coordinates   and   in 

dimensional form as of  [3, 6, 15, 16]: 
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where       are the velocity components of the nanofluids in the   and   directions, respectively; 

  is temperature and    is the ambient temperature;    is the applied uniform magnetic field;   is 

the electrical conductivity of the base fluid;     ,        ,     and     are the thermal diffusivity, 

heat capacity, density and dynamic viscosity of the nanofluid, respectively. According to [6] and 

[17], these fluid properties are given by:     
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where   ,    and    are the dynamic viscosity, density and kinematic viscosity of the base fluid 

and     is thermal conductivity of the nanofluid;    and         are the density and  heat 

capacitance of the nanoparticles, respectively;   is the nanoparticle volume fraction. 
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According to the Rosseland diffusion approximation of Raptis [18] and Hossain and Takhar 

[19] the radiative heat flux    is given by 

                             
   

   

   

  
,                                                                             (5) 

where    and    are the Rosseland mean absorption coefficient and the Stefan-Boltzmann 

constant, respectively. We assume that the temperature differences within the flow are sufficiently 

small such that    may be expressed as a linear function of temperature,                       

                              
       

 .                                                                        (6) 

Consider a variable plate surface permeability function    which is defined by                                                                    
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where         and     is a constant with the properties  

      represents the transpiration (suction) rate at the plate surface, 

       corresponds to injection, and 

       is considered for an impermeable surface.  

The boundary conditions to the differential equations are: 
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Let us introducing the similarity variables  
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       ; the stream function obviously satisfies the continuity equation (1). The 

substitution of equation (9) to the governing equations (2) and (3) reduce the PDEs to the 

following non-linear coupled ODEs: 
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where   is the similarity variable,   is the dimensionless stream function and   is the 

dimensionless 

 temperature. The physical quantities which are expressible in terms of the nanoparticle volume 

fraction   are given by:  
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 The corresponding boundary conditions become:  

                                                   as                 (12)    

The parameters introduced in the governing equations are defined by   
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  (Radiation parameter). If we set    , then we 

obtain the conventional fluid flow situations is recovered. The cases     (    ) and     

(    ) are respectively the Blasius and Sakiadis flat plate flow scenarios. If        , the 

nanofluid motion is faster than that of the plate while if         the plate is moving faster 

than the nanofluid. On the other hand, if    , the fluid and the plate move in opposite directions 

as mentioned by Motsumi and Makinde [15]. 

Now, we are interested to study the skin-friction coefficient    and the local Nusselt 

number   .The parameters respectively characterize the surface drag and wall heat transfer rate. 

These quantities are defined by: 
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where    and    are the skin friction and heat flux at the surface, respectively as specified by 

Haile and Shanker [20] are given by:                                  
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 Using (13) and (14), the dimensionless skin friction coefficient (surface drag) and wall heat 

transfer rate become: 
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where       
  

  
 is the local Reynolds number. According to Bachok, et al. [3], 
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the reduced Nusselt number and it is denoted by       .       
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3. NUMERICAL SOLUTION 

As equations (10) and (11) are non-linear ODEs, it is difficult to get the closed form solutions. 

As a result of this, the equations with the boundary conditions (12) are solved numerically using 

the shooting technique along with the fourth order Runge-Kutta integration scheme.   

The conversion of the boundary value problem into an initial value problem is as follows: 

 If we let              
 
,       ,       and        then we have 
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and with the boundary conditions  

                                                                                       (18)       

In order to integrate functions in equations (16) and (17) as an initial value problem, we need 

the values of          and          that is        and      , respectively. Our aim in this 

paper is to get the surface drag and the wall heat transfer rate for the various values of the 

physical parameters. 

One of the most important tasks in shooting method is to obtain the appropriate finite values 

of   . In order to determine   for the boundary value problem stated by Equations (16) and (17), 

we start with some initial guess values for some particular set of physical parameters to obtain 

       and       differ by pre-assigned significant digits. Finally, the last value of   is chosen to 

be the most appropriate value of the limit   for that particular set of parameters. The value of    

may change for other set of physical parameters. Once the finite value of   is determined, then 

the integration is carried out [21]. 

Table-1. Thermophysical properties of water, copper and Alumina, Ahmad, et al. [5] 

  

 

 

 

 

Table-2. Comparisons of      
      with that of  Motsumi and Makinde [15] for various values of     when       , 

              ,     and         

Physical 
Quantity 

Properties 

           (J/kgK)  (W/mK) 

Pure water 997.1 4179 0.613 

   8933 385 400 

      3970 765 40 

                      

  Motsumi and 
Makinde [15] 

Present 
Work 

Motsumi and 
Makinde [15] 

Present 
Work 

0 0.3321 0.332057 0.3321 0.332057 

0.008 0.3459 0.345921 0.3394 0.339385 

0.014 0.3563 0.356293 0.3449 0.344943 

0.016 0.3597 0.359747 0.3468 0.346808 

0.02 0.3667 0.366654 0.3506 0.350557 

0.1 0.5076 0.507634 0.4316 0.431592 

0.2 0.7066 0.706563 0.5545 0.554510 



International Journal of Mathematical Research, 2015, 4(1): 27-41 
 

 
33 

© 2015 Conscientia Beam. All Rights Reserved. 

Accordingly, the initial condition vector for the boundary value problem is given by        

                         , that is                              .We found the values of 

       and        applied for the fourth order Runge – Kutta integration scheme with step size 

       for the various properly chosen physical parameters involved in the equations. The 

above procedures were repeatedly performed till we obtained the desired degree of accuracy, 

       

 

4. RESULTS AND DISCUSSION 

We considered two types of water-based nanofluids containing nanoparticles of Cu and 

Al2O3. For comparison purposes, we chose the Prandtl number Pr to be 6.2 (for Table 2 

calculations only) and the nanoparticle volume fraction is investigated in the range          

According to Ahmad, et al. [5], we considered the thermophysical properties of water, copper and 

alumina for numerical calculations as shown in Table 1. 

In the numerical solutions, the effects of magnetic field, viscous dissipation and thermal 

radiation on boundary-layer flow of water-based nanofluids over a moving permeable flat plate 

were considered.  The transformed nonlinear ordinary differential equations (10) and (11) 

subjected to the boundary conditions (12) were solved numerically using the shooting technique 

followed by the Runge–Kutta method. Velocity and temperature profiles were obtained and we 

applied the results to compute the skin friction coefficient and the local Nusselt number. The 

numerical results were discussed for the various values of the embedded parameters graphically 

and in table form. To validate the accuracy of the numerical results, comparisons were made with 

Motsumi and Makinde [15] in the absence of viscous dissipation and magnetic field; as shown in 

Table2, the results are in excellent agreement and so it ensures us as a benchmark for the 

accuracy of the numerical results.  

 

 

                              Fig-1. Blasius velocity profile                                       Fig-2. Sakiadis velocity profile 
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When                 ,     and        for different values of nanoparticle 

volume fraction  , the term      
      is calculated and excellent agreements are noticed for 

both nanofluids . In the following subsections, we pointed out the effects of the various 

thermophysical parameters on the nanofluid velocity and temperature profiles as well as the skin 

friction and the local Nusselt number on the plate surface. The Prandtl number Pr = 6.785 for 

pure water was considered in the succeeding numerical calculations. 

Fig.1 and Fig.2 show the Blasius (the flow over the stationary plate is driven by free stream 

velocity alone) and Sakiadis (the flow due to motion of the plate alone) velocity profiles for both 

nanofluids which occur when     and    , respectively. It is observed that the Cu-water 

nanofluid produced thicker momentum boundary layer thickness than that of Alumina in the case 

of Blasius velocity profile and the opposite is true in the case of Sakiadis velocity profile. Fig.3 

shows the effects of velocity ratio parameter   on velocity profile of the Alumina nanofluid. As 

mentioned above,      and     are Sakiadis and Blasius velocity scenarios, respectively. 

When      , both the plate and the free stream move with the same velocity. On the other 

hand, if      , the plate and the free stream move in opposite directions.  

 
 

Fig-3. Effects of   on velocity profile of  Alumina 
Nanofluid 

Fig-4. Effects of   on Sakiadis velocity profile Alumina 
Nanofluid 

 
 

Fig-5. Effects of   on Blasius velocity profile of Alumina 
Nanofluid 

Fig-6. Effects of    on Sakiadis velocity profile of Alumina 
Nanofluid 

  

Fig.4, Fig.6 and Fig.8 illustrate the effects of nanoparticle volume fraction  , the suction 

parameter    and the magnetic parameter    on the velocity profile of Alumina nanofluid when 

the velocity ratio parameter   is    We found the momentum boundary layer thickness slightly 

increases as the nanoparticle volume fraction of the nanofluid increases. On the other hand, the 
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momentum boundary layer thickness decreases as both the suction parameter and the magnetic 

parameter increase.   

Fig.5, Fig.7 and Fig.9 depict the effects of nanoparticle volume fraction, the suction 

parameter and the Hartmann number on the velocity profile of Alumina nanofluid when   is    

We investigated that the velocity boundary layer thickness increases as both the nanoparticle 

volume fraction and the suction parameter increase whereas it decreases as the magnetic 

parameter increases. It is an expected result that increasing nanofluid suction at the moving plate 

surface (   ), decreases the fluid velocity.   

  
Fig-7. Effects of    on Blasius velocity profile of Alumina 
Nanofluid 

Fig-8. Effects of    on Sakiadis velocity profile of Alumina 
Nanofluid 

 
 

Fig-9. Effects of    on Blasius velocity profile of Alumina 
Nanofluid 

Fig-10. Sakiadis temperature profile of both nanofluids      

 

Fig.10 describes the temperature profiles of the two nanofluids when motion of the fluid is 

caused by the motion of the plate alone (    . It is observed that the thermal boundary layer 

thickness of Alumina water nanofluid is thicker than that of Cu-water nanofluid.   

Figs.11-16 describe effects of the various parameters on temperature profiles of Alumina 

water nanofluid. As it is clearly shown in the figures, the temperature of the flow is highest at the 

plate surface and gradually declines to its zero free stream value far away from the plate.  

Fig.11 shows the effects of velocity ratio parameter   on temperature profile of Alumina 

nanofluid. As the velocity ratio parameter increases from   to    , the temperature rises within 

the boundary layer. This can be attributed to the fact that as   varies from   to   , the velocity of 

the plate declines to zero and then starts to move in the opposite direction of the free stream and 
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as a result of this, the internal heat generation within the nanofluid increases due to the 

nanoparticles and viscous dissipation.    

  
Fig-11. Effects of   on temperature profile for Alumina 
Nanofluid 

 
Fig-12. Effects of   on temperature profile for Alumina 
Nanofluid 

  

 
 

 
Fig-13. Effects of    on temperature profile for Alumina 
Nanofluid 

 Fig-14. Effects of   
on temperature profile for Alumina Nanofluid 

 

Fig.12, Fig.15 and Fig.16 depict the effect of nanoparticle volume fraction, viscous heating 

and magnetic field on temperature profile and these parameters enhance in thickening the thermal 

boundary layer. On the other hand, Fig.13 and Fig.14 describe that both the suction parameter 

and  thermal radiation parameters reduce the temperature profile. Table 3 shows the effect of 

nanoparticle volume fraction on skin friction and Nusselt number of Cu-water and Alumina water 

nanofluids. As the nanoparticle volume fraction increases, both skin friction and Nusselt number 

increase. As   increases, the skin friction of Cu-water nanofluid grows faster than that of 

Alumina. On the other hand, the Nusselt number of Alumina nanofluid increases slightly faster 

than that of Cu-water. 

Table 4 shows the effect of magnetic parameter on skin friction and Nusselt number of both 

Cu-water and Alumina water nanofluids. As the magnetic parameter increases, the skin friction of 

both nanofluids increase but the opposite is true for the case of Nusselt number of both 

nanofluids.  
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Table-3. Comparisons of skin friction and Nusselt numbers of Cu-water and      -water nanofluids for various values of 

  

 

 

 

 

 

 

 

 

Table-4. Comparisons of skin friction and Nusselt numbers of Cu-water and      -water nanofluids for various values of 

   

 

 

 

 

 

 

 

 

Table 5 depicts that skin friction increases with an increase of the suction parameter    and 

the skin friction starts to decline when the free stream is stationary while the plate is moving 

(   ) till it attains the minimum value when both the free stream and the plate move with the 

same velocity (     ) and then it starts to increase till the plate is stationary and the free stream 

is moving (   ). 

 

 

 

 
Fig-15. Effects of    on temperature profile for Alumina 
Nanofluid 

Fig-16. Effects of    on temperature profile for Alumina 
Nanofluid 
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Table-5. Comparisons of skin friction of Cu-water and      -water nanofluids for various values of    and    

 

 

Table 6 describes the combined effects of the suction parameter    and velocity ratio 

parameter   on the Nusselt number in the case of both nanofluids. Heat transfer rate at the plate 

surface decreases with increasing values of the velocity ratio parameter but it increases with 

increasing values of the nanofluid suction parameter. The heat transfer rate of Cu-water nanofluid 

is greater than that of Alumina when the free stream is not stationary and the plate is moving.     

   

Table-6. Comparisons of Nusselt numbers of Cu-water and      -water nanofluids for various values of    and    

|
   

√   
|  for Cu-water and      -water when                                             

 Cu-water      —water 

                                                  

0                                                                         
0.5 1.670232                                                                
1                                                                         

1.25                                                                         
1.5                                                                         

 

Table 7 shows that the Nusselt number of Alumina nanofluid decreases with increasing 

values of both the Brinkmann number (  ) and radiation parameter ( ). 

 

Table-7. Comparison of Nusselt numbers of      -water nanofluids for various values of    and   

 

5. CONCLUSIONS  

The problem of a steady MHD boundary-layer flow of water-based nanofluids over a moving 

permeable flat plate has been analyzed. The governing PDEs associated to the boundary 

|
   

√   
|  for      -water, when                               
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conditions were transformed to non-linear ODEs with similarity transformation equations. The 

solutions of these problems were numerically solved with the help of the shooting technique 

followed by the fourth order Runge-Kutta integration technique. Among the others, the following 

substantial results are given below: 

 The velocity profile decreases with an increase in the magnetic parameter whereas it 

increases as both the nanoparticle volume fraction and the suction parameters increase; but 

with the exception that the Sakiadis velocity profile decreases with the increment of the 

suction parameter.  

 For Sakiadis flow scenario, Alumina water nanofluid exhibits thicker velocity boundary 

layer than that of Cu-water nanofluid.    

 The thermal boundary layer thickness increases with increasing values of nanoparticle 

volume fraction, the Brinkmann number, the velocity ratio parameter and the magnetic 

parameter but it decreases with increasing values of both suction rate and  thermal 

radiation parameters. 

 Increasing the values of magnetic parameter, the suction rate parameter and nanoparticle 

volume fraction results in an increase in the skin friction coefficient. It is observed that the 

Cu-water nanofluid exhibits larger values of skin friction coefficient than that of Alumina.   

 The presence of magnetic parameter, velocity ratio parameter, the Brinkmann number and 

radiation parameter in the flow field is to reduce the rate of thermal boundary layer 

thickness whereas suction parameter and nanoparticle volume fraction enhance thermal 

boundary layer thickness. 
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