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ABSTRACT
In this paper we introduce the concept of cubic set to dual sub algebras and dual ideals in BCK-algebras and investigate some of
its properties. The relationship between dual sub algebras and cubic dual sub algebras are given.
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Contribution/ Originality
The primary contribution of this paper is application of cubic set to dual ideals in BCK-algebras and

investigates some of its properties. This study originates new definition cubic dual ideal in BCK-algebras.

1. INTRODUCTION

The concept of fuzzy set was introduced in 1965 by Zadeh [17 and since then, several researchers have
explored the generalization of the notion of fuzzy sets. The study of BCK-algebras was initiated by Imai and Iseki
[27] in 1966 as a generalization of the concept of set-theoretic difference and propositional calculus. The notion of
interval-valued fuzzy sets was first introduced by Zadeh [17] as an extension of fuzzy sets. Moreover, Jun, et al. [37]
introduced the notion of cubic sets as a generalization of fuzzy set and interval-valued fuzzy set. In Satyanarayana,
et al. [47]. Applied the concept of interval-valued intuitionistic fuzzy dual ideals of BF-algebras. In this paper we
apply the concept of cubic set to dual ideals in BCK-algebras and investigate some of its properties.

A BCK-algebra is a non-empty set X with a binary operation * and a constant 0 satisfying the following
axioms:

(BCK-1)((x*y) *(x*2))*(z*y)=0,

(BCK-2) (x* (x *Y)) *Y=0.
(BCK-3) X *X =0,
(BCK-4) 0% x=0,
(BCK-5)X*y=0andy*x=0 = X=Y ,forall X, ¥,z X

A BCK-algebra can be partially ordered by X <Y if and only if X * Y =0 this ordering is called BCK-ordering.
The following statements are true in a BCK-algebra:

(i) X*0=X,
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(i) X * Y < X,
(iii) (X*Yy)*Z < (x*2)*y,

(iv) (x*y)*Z < (x*+2)*(y*2),
(V) X<y=>x*z<y*xzandzxy<z#*X.
Definition 1.1 Meng [5] a non-empty subset I of a BCK-algebra X is called an ideal, if it satisfies:

(I)oel

(|2) X*Yand Yel =X el,forany X, yeX

If there is an element 1 of X satisfying X Sl, for all X € X, then the element 1 is called unit of X. A BCK-

algebra with unit is called bounded. In a bounded BCK-algebra, we denote 1*xXx by NX for brief.
Definition 1.2 Meng [57] a non-empty set D in a BCK-algebra X is said to be dual ideal of X if it satisfies:

i) 1leD,

(i) N(NX*Ny)eD and ye D =X eD forany X,y € X.

Let X be the collection of objects denoted generically by x. Then the fuzzy set A in X is defined as

A={(X,1,(X)):x € X} where L, (X) is called the membership value of x in A and 0 <, (X) <1.

Definition 1.3 For fuzzy sets [l and A of X and S,t €[0,1]. The sets U(w;t) = {x € X : u(X) >t} is called
upper t-level cut of Wl and
LO\., S) = {X eX: 7\,(X) < S} is called lower s-level cut of A .

Definition 1.4 A fuzzy set L. X— [ O,l] is called fuzzy sub- algebra of X, if

u(x *y) > min{u(x), ()}, for all X,y € X.

Definition 1.5 Meng and Jun [67] afuzzy subset U of X is said to be fuzzy dual ideal of X, if
() 1(1) > ()

(i) L(x) 2 min {u(N(NX * Ny)),u(y)} for all X,y € X.

Definition 1.6 Meng and Jun [67] the fuzzy set W in X is called fuzzy dual sub algebra of X if it satisfies

U(N(Nx * Ny) > min {u(x),(y)} for all X,y € X.

Now we recall the concept of interval-valued fuzzy sets:

By the interval number D we mean an interval [a‘, a*] where0<a™ <a’ <1

For interval numbers D, =[a;,b;], D, =[a,,b;].
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We define

Min(D,, D,) =D, "D, =min([a;, b;].[a;,b;]) = min[{a;,a,}.{b;, b3 }]
Max(D,, D,) =D, wD, =max([a;, b ].[a,,b;]) =max[{a; ,a,}.{b;, b,}]
D, +D, =[a, +a,—a, .a,,b; +b; —b;".b;]
And put
D, <D, <a; Sa;andbir Sb;
Dl = D2 <a, =a,and b; :b;
D, <D, <D, <D,andD, #D,
mD =m[a;,b;]=[ma,,mb;], where 0 <m<1.

Let X be a given nonempty set. An interval-valued fuzzy set (briefly, i-v fuzzy set) B on X is defined by

B ={x [ua . ns (91): x e X},
Where [g(X) and g (X) are fuzzy sets of X such that pg(X) < },LE (X) for all X € X . Let ﬁB (%

=[5 (9, s (], then B={(X [ig () : X € X}, Where 1 : X — D[0,1].

The determination of maximum and minimum between two real numbers is very simple but it is not simple for
two intervals. Biswas [77] described a method to find max/sup and min/inf between two intervals or set of

intervals.

Definition1.7 Biswas [7] consider two set of intervals Dl,D2 € D[O,l] If Dl = [al’,af] then
rmin(D,,D,) = [min(a,,a,), min(a;’,a, )] which is denoted by D, A" D, .Thus if D, =[a;,a;] € D[0,1]
for 1<1 <N then we define rsup, (D;)=[sup; (a;),sup;(@; )] that is v; D, =[v;a;,Vv;a;]. Now we

call D1 > D2 iffa, =a,and a1+ > a; Similarly the relations Dl < D2 and Dl = D2 are defined.

Based on (interval-valued) fuzzy sets, Jun et.al.introduced the notion of (internal, external) cubic sets and

investigated several properties.

Definition 1.8 Jun, et al. [37] let X be a non-empty set. A cubic set A in X is a structure which is briefly denoted

by A= (}TLA)\.A ) where ﬂAZ[M;,M;] is an interval-valued fuzzy set in X and 7\.A is fuzzy set in X .

Definition 1.9 Jun, et al. [87] a cubic set A= (X,ﬁA ,XA) in X is a cubic fuzzy ideal (C F-ideal) of X, if it satisfies:

(CF1) iIA (0) = ﬁA (%) and Aa(0) <A, (x)
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(CF2) fiy(x) 2 rmin {{i, (X *y),fa ()}

(CF3) Ay (X) Smax{A, (X *y),Ax(Y)}, for all X,y € X.

2. CUBIC DUAL-IDEALS OF BCK-ALGEBRAS
Let X denotes a BCK-algebra unless otherwise specified. Combined the definitions of fuzzy dual-ideal over a
crisp set and the idea of cubic set we define cubic dual-ideal. After that, we give some important consequences of

cubic dual sub algebras and cubic dual ideals in BCK-algebras.

Definition 2.1 A cubic fuzzy set A=(X,[i,\ )is called cubic fuzzy dual sub algebra of X if

(i) La (N(NX * Ny)) = rmin{fL, (x),HA (¥)}

(ii) A, (N(NxX * Ny)) < max {A, (X),A, (Y)} for all X,y € X.

Proposition 2.2 Every cubic fuzzy dual sub algebra A= (X,fin,A, ) of X satisfies the inequalities
fa(1) = i (X) and A (1) SAL(X) | for all Xy € X,

Theorem 2.3 IfA=(X,[i,A, )is cubic fuzzy dual sub algebra of X then the sets

X, ={xeX/fi,(x)=fi, (1)} and X, ={x &X/A,(x) =, (1)}are dual sub algebras of X.
Proof: Let X,y € X, . Then [l (X)=Ha (1) =L (y)and so

Ao (N(Nx *Ny)) = rmin{fi, (x), [ (y)}=rmin{fi, (1), iy (D)} =i, (1)

= Mo (N(Nx #Ny)) > i, (1) but fL, (N(Nx * Ny)) < i, (1)

= HA(N(Nx#Ny)) = [i, (1) = N(Nx *Ny) € X, .

Therefore for all X,y € X; = N(NX*Ny) € X, .

Let X,y € X, . then Ay (X)=ha (1) =Aa(y) and so

Ap (N(Nx * Ny)) < max {d, (X),ha (y)}=max {d, (1), Ao (1D} =R (1)

= A\ (N(Nx # Ny)) < L, (1) but Ay (NN % Ny)) = L, (1) = A, (N(NX * Ny))=h, (1)
= N(Nx*Ny)e X, .

Therefore, xg and Xx are dual subalgebras of X.
A A
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Theorem 2.4 Let A= (X,}TLA ,XA ) is cubic fuzzy dual subalgebra of X.
(1) If there exists {Xn}in X such that lim fa(x,)=[11] then }?LA D) =[L1].
n—oo

(i) If there exists {Xn}in X such that !]!)Tolo Aa(X,) =0 then KA (1) =0.

Theorem 2.5 Let Al and A2 be cubic fuzzy dual BCK-sub algebras of X. Then Al ﬁAz is cubic fuzzy dual BCK-

sub algebra of X.

Proof: Let X\Y € Al M A2 then X,y € Aland XYy e AZ' Since Al and A2 are cubic fuzzy dual BCK-sub algebras

of X, we have

fin, -, (N(Nx  Ny))
= [1a,a, (NONX % Ny)), prp o, (N(NX *Ny))]
= [min{u, (N(Nx *Ny)),u,, (N(Nx *Ny))},min{p, (N(Nx *Ny)), iz, (N(Nx * Ny))} ]
> [min{min{, (X),pta ()}min{p, (x),1a ()} Hmin{min{p, (), ) }min{p (X),1a, ()} ]
> [min{min{w, (X),1a M} min{p, ()1, )} Fmin{min{w, ()1, (v)}min{p (X),w (¥)}}]

= [min{min{u,, (x), 1, ()}, minuy (v), i, (0} 3 mingmin{uy (), w,, (O}, minf, (9),1a, ()}]
= [min{min{u, (x), 1, ()}, minu, (v), s, (N}, min{minduy (), w,, (0}, minf, (9.1, ()]

=[min{u, s, (Xstta a, (V) Hmin{u, o (X),0a a (¥)}]
=rmin{fi, a, (Xl n, ()}
Therefore, fly a, (N(NX *Ny)) 2 rmin{fi, a, ()i, (V)}, forall Xy € X,
Aa,ra, (N(Nx # Ny)) = max {i,, (N(Nx *Ny)), 1, (N(Nx * Ny))}
< max{max{L, (X)A, ()}, max{h, (xX).Aa (¥)}}
= max{max{i, (x),A, (X)},max{i, (y).hs (y)}}
= max{hp ~a, (X)ha a, )}
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Therefore, )"AlmAz (N(Nx = Ny)) <max {kAlﬁAz (X),?LAWAZ (y)} , for all X\Y € X.

Hence Al M /A\2 is cubic fuzzy dual BCK-sub algebra of X.

Corollary 2.6 Let {Ai lie N}be a family of cubic fuzzy dual BCK-subalgebra of X. Then ﬂ Ai 1s also a cubic

ieN
fuzzy dual BCK-sub algebra of X.
Definition 2.7 A cubic fuzzy set A= (X,}IA J“A ) is called cubic dual ideal of BCK-algebra X if it satisfies the
following inequalities:
(CFD1) (1) 2 [y (X) and Ap (1) Shp(X)

(CFD2) [, (x) 2 rmin {fi, (NNX * Ny)), ki (¥)}

(CFD3) hp (x) <max{i, (N(Nx *Ny)),A,(¥)}, forall X,y € X.

Example 2.8 Let X ={0,X,Y,Z} be a BCK-algebra with the following Cayley table

* 0 X y z
0 0 0 0 0
X X 0 0 0
y y X 0 0
zZ zZ y X 0

We define a cubic set A= (X,fix,hn )by fia(0)=fip(x) =[0.6,0.7], fin(y) = fia(z) =[0.2,0.3],
Aa(0)=0.1, A (%) =0.3,and A, () =An(2) = 0.4,

By routine calculations we know that A=(X,[is,Aa ) is a cubic dual -ideal of X.

Theorem 2.9: If a cubic set in X is cubic dual sub algebra, then [L, (N(NO* NX)) = [i,(X) and

Ap (N(NO* NX)) < 4, (X) for all X € X.

Proof: For all X € X, we have

(i) fia (N(NX * Ny)) = rmin{fi, (x),[15 (Y)}

(ii) Ao (N(Nx * Ny)) <max {d, (x),A4 (¥)}

Put X =0,Y = Xin (i) we get

[ (NQNO* Nx)) 2 rmin {fi, (0).fi, ()}
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=rmin{fi, (x *x),f, (x)}

= rmin{rmin{fi, (x),fi, ()}, fia (%)}

= rmin{fi, (X),fi, ()}

= (x)

Similarly, put X =0,y = Xin (ii) we get

Ap (N(NO* Nx)) < max {A, (0),15 (X)}

= max{l, (x #x),, (x)}
= max{max{i, (x),A, (x)}, A, (X)}
= max{L, (x),A, (X)}

=Aa(X)

Theorem 2.10 A cubic set A:(}TLA,KA) in X is a cubic dual-ideal of X if and only if [,, u; and }"A are fuzzy
dual ideals of X.

Proof: Let [y, and A, are fuzzy dual ideals of X and X,y € X . Then by definition
Ha(DZpa (%), pa() 2 pa(x),

Ha(X) 2 min{p, (N(NX* Ny)), 1a ()5

Ha (x) 2 min {p; (NNx* Ny)), wa ()}

A (x) < max {A, (N(NX * Ny)), 1A (1)}

Now fia(X) = [Ha (X), 1A (X)]

> [min{, (N(Nx* Ny)), pa ()}, min {py (N(Nxx Ny)), pa (v)3]

= rmin{[p, (N(Nx* Ny)), o, (N(Nx* Ny)) ], [1a (), ta ()]}
= rmin{fi, (N(Nx* Ny)), i ()}
Therefore A is cubic dual-ideal of X.

Conversely assume that A is cubic dual-ideal of X.

For any X,y € X

[HA (X), B (X)] = fLa (X) > rmin{ii, (N(Nx Ny)), fi ()}
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= rmin{[u, (N(Nx* Ny)), pip (NONx# Ny)) ], [ (), LA (D]}

= [min{u, (N(Nx* Ny)), ks (v)} > min {p, (N(Nxx Ny)), ps (v)3]

Thus

Ha (x) = min {p, (N(Nx* Ny)), pa ()}

Ha (%) 2 min {p (N(Nx* Ny)), s (v)}
A (x) < max {4, (N(Nx * Ny)),A A (¥)}

Hence M;, u;\ and )LA are fuzzy dual-ideals of X.

Theorem 2.11 If A:(plA’;\’A) is a cubic dual-ideal of X, then non-empty upper S -level cut U(ﬂAag) and the non-empty

lower t-level cut LO\’A ,t) are dual closed ideals of X for every Se D[O,l] andt € [0, 1] .
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