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Contribution/ Originality: This study contributes in the existing literature of Eco-Epidemiological model. We
get the conditions of local asymptotic and the existence of the boundary balance, and we proved the positive balance

point is global asymptotical stability by constructing Liapunov function.

1. INTRODUCTION

Mathematical ecology and mathematical epidemiology are major fields of study. Since transmissible disease in
ecological situation can’t be ignored, it is very important from both the ecological and the mathematical points of
view to study ecological systems subject to epidemiological factors. A number of studies have been performed in
this field; However, all these papers available only discussed the disease spread in a species ,seeing [1-37 deal with
the disease is spread among the predator population only ,but in literatures [4-77] the disease is spread among the
preys population considered. In our common life ,the disease may spread among the prey and the predator. On the
basic of this ,this paper deals with the prey-predator model with diseases in the prey and predator , and we suppose
the predator with disease dose not capture on the preys, the susceptible predator capture both on the susceptible an
on the infected prey, but the capture rate is different , which much closer to the actual situation . This paper

consider the model as follows:
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Where , SX, |X , Sy , |y be the densities of susceptible prey ,infected prey , susceptible predator and infected

predator , I' stands for the intrinsic growth rate of the susceptible preys , ﬂl, ﬂz represent the transmission rate
of the susceptible prey and susceptible predator respectively, K be the environmental carrying capacity of the prey

population , k1 and k2 represent the capturing rate of susceptible predator on the susceptible prey and on the
infected prey respectively, € be the conversion of the predator ,d0 and d2 be the death of infected prey on

infected predator because of diseases , d1 be the natural mortality of the susceptible prey.

All the parameters are assumed to be positive.

2. EQUILBRIA ANALYSIS

Let
S, +1,
P(S,. 1,.S,.1,) = S{ ( . H—ﬂlsxlx—klsxsy:o

Q(S,. 1,.S,.1,) = BS,1, —k,1,S, —dyl, =0
R(S,.1,.S,.1,)=k6S,S,—dS - BS I +ko1S, =0

X1 x?

M(S,.1,,S,.1,)=/82S 1, -d,l, =0

Case I : Itis obvious that the system has non-negative equilibria point Eo (0, 0,0, 0), and El(K, 0,0, 0) .

Casell : Sy =0, by

S.r (1— X) B3,

Ix(ﬁl X O)=0
~d,1,=0
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We obtain: Iy:O,SX:%—S | _I’(ﬂlK—do)_I

B P B(BK+r)

2 E2 (SX, |X,O, 0) is non-negative equilibria point
when ﬂlK > d0~
Caselll: |y =0, by

S, +1,

(s, (L )-f5S,5, =0
Ix(ﬂlsx - kZSy _dO) =0

S, (K0S, —d, +k,01,) =0

We obtain

. _ [ BOK (B, +K,1)+ Aird, |—dy0(K A7 +2Kk,r )

g k,O(K B +2K,r)
s _OKBdytkr) o _di(K+2kr —kr) — 0Kk (Ady +kor) |
KGp+2kor k,(K@B? + 2k,0r) !

We obtain non-negative equilibria point E, (st, 1,5 S 0) when

y3?

d, (K37 +2k,r =k 1) > 0Kk, (Bd, + K1), BOK (B, +K 1)+ Brd, > dof( K7 +2K,r)

CaseIV:SX;tOino,S ¢0,|y¢0,by

S, +1,
r(l— " )—ﬂllx—klsy =0
ﬁlsx—kzsy—d0 =0
kﬂSX—dl—ﬂzly+k26?IX =0

ﬂZSy -d,=0
We get
S = kdz +ﬂzdo =S’ | = r(KﬁlﬁZ _doﬂz _k2d2)_k1ﬁ1d2 =1
" B, o (r+8)B.5, "
S = & _ S* | = kl‘g(doﬂz +doﬂ1ﬂ2 + kzdzr)+ kzgr(Kﬂ1ﬁ2 _doﬁz _kzdz) _ |*.
g BB (r+5,) ’

We obtain non-negative equilibria point E, (S:, |:, S;, |;) when r(K,Bl,BZ - doﬁz - kzdz) > |(1,31d2
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3. STABLE ANALYSIS

The Jacobi matrix of the system is

2r r r
I’—?SX—(E+ﬂl)|X—ley (—E—ﬂl)sx —k;S, 0
J= Bl BS, _kzsy —d, =k, 1, 0
kﬂSy kZHSy k,6S, —d, - 5,1 ,+ k01, —,BZSy
0 0 B, B,S, —d,

Case I : For EO (0, 0,0, 0) the characteristic equation is

(A=) (A+d,)(A+d)(A+d,)=0.
We can get the characteristic root as follows:

A=r>04,=-d,<0, 4,=-d, <0, 4, =-d, <0
Therefore E,(0,0,0,0) is a Saddle point.
Case II: For E (K,0,0,0) the characteristic equation is
(A=r)(A-BK+dy)(A+d,)(A+d,)=0.
this are 4, =—r<0,4, = fK-d,, 4, =—d, <0,4, =—d, <0 Here 4, <O when

Root of equation

,BlK < d0 Hence El(K, 0,0,0) is locally asymptotical stability.

Case III: For E2 (sz, |X2,0, 0) the Jacobi matrix is

_%SXZ (_% _ﬁl)SXZ 0 0

Je, = Bl 0 =K, 1y 0
0 0 k6S,, +kol,, 0

0 0 0 —d,

The corresponding characteristic polynomial is

D,(4) =(A+d,)(1-k#6S,, -k, 01, +d,) |:/12 +%szi+(%+ﬂljﬂlsx2lx2:|

Obviously ﬂ.l = —d2 <0, ﬂz = k2(9| e dl.Let fz (ﬂ) =%+ % szﬂ + (% +,BljﬂlSX2 | <2
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r r
BecauseE sz >0, (E + ﬂljﬁlsxz | %2 > 0 ,s0 13, /14 have negative real part .

When kﬂSXz + k29| o < d1 A, <0.80E, (sz, l,,,0, 0) is locally asymptotical stability .

Case IV: For E;(S,;,1,3,S,5,0) the Jacobi matrix is

y3?
r r
_ESXS (_E_ﬂl)SXS 0 0
Je, = Bl 0 —Ky s 0
0 K,0S,, 0 —B,S,3
0 0 0 B.S,5—d,

r r k20r
Ds(/i) = (ﬁZSXB _dz _/1){_/13 _Esxsﬁ'z _|:K20|x38y3 +ﬂ1(E+ﬂl)sx3|x3:|ﬁ’_2TSx3|x38y3}

There is clearly that characteristic root: ﬂ,l = ﬂ28y3 — d2 .

Let
2
£,(4) = —A° —% S 12 —[Kzelxssya n ﬂl(% N ﬂl)sxslxs}z KOs 1S, =0Thats
2
13 +%Sx32‘2 +|:K29|x38y3 +ﬁl(%+ﬂl)sx3lx3:|i+%Sx3|x38y3 = 0
Denote by :
r r kZ0r
hl = Esxs’ hz = k20|X38y3 +ﬂ1(R+ﬂl)Sx3lx3’ h3 = ZTSXC’,IXSSya‘

r r
H,=h >0,H, =hh, —h, =%(E+ﬂl)s>§3lx3 >0,H;=hH, >0

All roots have negative real parts, by Hurwitz criterion.

Hence, we have the following main theorems:
Theorem 1: Eo (0, 0,0, O) is a saddle point. When ,BlK < do , El(K, 0,0, O) is locally asymptotical stability.
When kﬂSXz + k2(9| w2 < dl ) E2 (sz, |X2, 0, 0) 1s locally asymptotical stability.
When ﬁ28y3 < d2 , E3(SX3, |X3, S

y3r 0) is locally asymptotical stability.
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4. GLOBAL STABILITY
Theorem 2: The positive equilibria point E, = (SX4, I Sy4,0) of the system (1) is global asymptotical
stability.
. p4
):R, >R

Proof: Take proper Lyapunov function V (SX, |X ) Sy, |y

V(t):ml(sx_sx4_sx4|nss_x)+m2(lx_Ix4_|x4 Inll_xj

x4 x4

y4

Sy Iy
+my(S, -S,,-S,, InS—)+m4 =11, Inl—

For V (t) derivation along the system, we have:

. - - S,-S,,dS I, -1, dl
V(t):mlsx Sx4 de le |><4%+m3 y y4 y+m4 y y4 7'y
s, dt I, dt s, dt I, dt
Sx+|x S><4+|x4

=m,(S, —SX4){r(1— j—ﬁllX —k;S, —I’(l—T)+,6’1IX4 +ley4}
+m, (1, — 1,,)(BS, —k,S, —dol, + BS,, +k,S,, +d;)

+m, (Sy _Sy4)(:8108x _dl _ﬂZIy _k198x4 +d1 +ﬂ2|y4 _k29|x4)

+m4(|y B Iy4)(ﬂ28y _dz _ﬁZSyA +d2)
=ml<sx—sm)[—%(sx—sm)—[%wlj(u—Ix4>—k1(sy—sy4)}

+m2(|x_ Ix4)|:ﬂl(sx_sx4)_k2(sy _Sy4):|

+m3(sy _Sy4)|:k19(sx_sx4)_ﬂ2(ly _Iy4)+k0(|x_Ix4):|+m4ﬂ2(|y_|y4)(sy _Sy4)
r 2 r

:_Ernl(sx _Sx4) +|:ﬂ1m2_ml(R+ﬂ1Jj|(Sx_Sx4)(lx_ Ix4)

+(Mek,@—myk, )(S, =S, )(S, =S4 )+ (KpOMy =Mk, ) (1, = 1,,)(S, —S,.)

+(m4ﬂ2 _mSﬂZ)(Sy _Sy4)(|y - Iy4)

Let
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r
m, [, — ml(EJrﬂlj =0,mk,6—-mk, =0,k,0m, —m,k, =0,m, 3, —-m,5, =0.

Namely, when take M 1 —r+ﬂ m, m m—lmjmj>0tl
amely, when take = y = ' , then
Y 2 plk ™ e

So by the LaSalle in variant set theorems we know that E4 (SX4, |X4, S

V'(t)=—%ml(SX—SX4)2$O.

yar |y4) are global asymptotical stability.

This paper mainly discusses the prey-predator model with disease in the preys and predators ,we get the

conditions of local asymptotic and the existence of the boundary balance .We prove the positive balance point

E4 (SX4, |x4, Sy4, |y4) is global asymptotical stability by constructing Liapunov function.
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