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ABSTRACT

Due to the great importance of the fractional kinetic equations, many authors discussed
the generalizations of fractional kinetic equation involving various special functions. The
purpose of this paper is to obtain the new generalization of fractional kinetic equation
pertaining to the incomplete Aleph-function. The solution of the fractional kinetic
equations obtained here by using Laplace and Sumudu transforms method. The Riemann-
Liouville fractional integral operator is used to obtain the required results. The Solution
of the generalized fractional kinetic equation are obtained by using the definition of
incomplete Aleph function. The result discussed here can be used for the study of the
chemical composition change in stars like the Sun. The solution rendered here are in
compact forms suitable for numerical computation. Some special cases involving
incomplete I —functions and incomplete H —functions are also considered.

Contribution/Originality: In this paper author obtain the solution of fractional kinetic equation using incomplete

Aleph function which is new and more significant in discussing some astrophysical problems. In order to obtain the

solution of the fractional kinetic equations we have used the lemmas involving the Laplace and Sumudu Transforms

and their inverse transforms.

1. INTRODUCTION

The fundamental equations of mathematical physics and natural science, the kinetic equations define the continuity

of matter motion. Numerous significant problems in physics and astrophysics have been described and solved using

fractional kinetic equations incorporating a large range of special functions. Numerous fractional operators were used

in the extension and generalization of fractional kinetic equations [1-47]. The author presents a more generalized

form of the fractional kinetic equation regarding incomplete Aleph-function in light of the effectiveness and significant

role of the kinetic equation in some astrophysical situations.

Haubold and Mathai [17] created the fractional differential equation between the rate of change of the reaction,

the destruction rate, and the production rate, which is stated as follows:

dN

Prie —d(Ne) + p (Ny) , (1)

In equation N=N(t) the rate of reaction, d = d(N) the rate of destruction, p = p(N) the rate of production and N
denotes the function defined by Ny (N*) = N(t —t*), t* >0.

Haubold and Mathai [17] studied a special case of this equation, when instance fluctuation in quantity N(t) are

neglected, is given by the equation:
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dN;
— = —aNi(D), (2)
With N¢(t = 0) = Nj is the number density of species i at time t=0; constant ¢; > 0, known as standard kinetic

equation. The solution of the above standard kinetic Equation 2 is given by:

N;(t) = Noe ™ (3)
An alternative form the same equation can be obtained on integration:
N(t) = No =c (D 'N(1), (4)

Where ODt_l is the standard integral operator. Haubold and Mathai [17] have given the fractional generalization

of the standard kinetic Equation 4 as:
N(t) — Ny =c” oDV N(t), (5)
Where (D77 is the well known Riemann-Liouville fractional integral operator Oldhman and Spanier [57;
Samko, et al. [67]; Miller and Ross [7]; Srivastava and Saxena [87]) defined by :

o7 = %fot(t -y f()dy, Re(v) >0 (6)

The solution of the fractional kinetic Equation 5 is given by Haubold and Mathai [17 as:

_ oo (_1)K vK
N(t) = Ny Xk=o T(K+1) ()™ .

Sumudu transform defined by Watugala [97 for functions of exponential order over the set of functions,

1tl
A= {f(t): IM, 1,7, > 0,|f(6)] < MeT ,if t € (=1)7]0, oo)}. (7)

The Sumudu transform is defined by:
[ _
G =S[fO]= [, f(ht)e tdt, he (~1y,1). (8)
The Riemann-Liouville fractional integral of order v is defined by Miller and Ross [77:
— 1 t -
oDe "N(x,t) = @fo (t=¥)""'N(x,y)dy, Re(v) >0 (9)

The Sumudu transform of the Riemann-Liouville fractional integral of order v is defined as Belgacem, et al.
[107; Saxena, et al. [27:

S{oDe"f(); hY = RV f(h) (10)

The Aleph function was first established in the 19th century by Sudland, et al. [117], and numerous fascinating
findings and prospective applications in science, technology, and other disciplines were afterwards debated and
extended by various authors.

A recent investigation and comprehensive research of the incomplete Pochhammer symbols was conducted by
Srivastava, et al. [127]. They also discussed derivative formulae, Mellin-Barnes contour integral, generalized
incomplete hypergeometric functions, and their integral representation. They also discussed potential applications in
the areas of communication theory, groundwater pumping models, and probability theory.

The well-known incomplete gamma functions [137] are defined as:

y(v,y) = foyu”‘le‘u du, {Re(v) >0; y=0 (11)

F(v,y) = fyoou”‘le‘u du, { y=>0; Re(v) >0when y=0}, (12

Respectively, satisty the subsequent decomposition formula:

y(w,y)+ I'(v,y) = I'(v) {Re(v) > 0}

Recently Kumar Bansal, et al. [147] introduce and investigate the incomplete Aleph —functions:

© 20238 Conscientia Beam. All Rights Reserved.



International Journal of Mathematical Research, 2023, 12(1): 1-8

(F)NZZZL.,TL.W (z) and (Y)N;T;:Zi‘fi;r(z)with the help of the incomplete gamma functions as follows:

Oxpen (@ = Oxpn (@, @1, %), (@, @)z [7(aj0 @) Insap;
puaiiT\F) = N e b;, B; (b, B
(b, Bam. (7 Jl’ﬁll)]m+1.fh
_ 1 . L
~ 2mi J, K(s,9) z7° ds, (13)
Where z # 0, and
r(1-a;- , M r(h:+B; T redi—as

K(s,y) = (1-ar-azs y) [jz  T(bj+B)s) Mj=,T(1-aj-a;s) )

a .
Zirzlfi[ Ml sa TA=bji=B) T T(aji+ajs)
j=n+1

and

) gmn (2) = Wgmn <Z

(a, a1, y), (aj' “j)z,n' [Tj (aji' aji)]n+1,pi
Pi,qiTi Pi.qiTiT

(bj, Bi)1im » [7) (bji:ﬁji)]m+1,qi

J, L(s,y) z7° ds, (15)

-1
T 2mi
Where z # 0, and
y(1-a;—as ,y) n}';lr(bjsz) H;}:ZF(l—aj—ajs)
7 -
Yy Tz[ T2 44 T(A=bji=Bjis) l'I]P:‘n+1 F(aji+aji5)]

L(s,y) = (16)

The incomplete ¥ -functions (F)NZ‘_Zl._,i:,.(z) and (V)N;':'Zi‘ri;r(z) in (18) and (15) exists for all y = 0 under
the set of conditions given below:

The contour L in the complex s-plane extends from y —ico to y +ico, yeR and the poles of the gamma
functions T'(1 — a; — a;s) ,j = 1,n do not exactly match with the poles of the gamma function I‘(a]- + a]-s),j =
1,m . The parameters p; , g; are non negative integers satisfying 0 <Sn < p;,0<n <gq; fori = 1,r. The
parameters @;, @; , @j;, @;; are positive numbers and bj, Bj, bj;, Bj; are complex. All poles of K(s,y) and L(s,y) are
supposed to be simple and the empty product is treated as unity.

/4 _
Y, >0, |arg (2)| <E‘P,- ,i=1r

Y, >0, |arg (2)| <g‘l’i and Re(®;)+1<0 ,

n m Pi qi
where W; = Za]- +ZB,- —-T; Z aj; + Z Bji |,
j=1 j=1

j=n+1 j=m+1
m n qi pi 1
‘Di:ij —Zaj+1'i Z aj; — Z Biji +E(pi_qi) Jdi=1r
j=1 j=1 j=m+1 j=n+1

2. INTEGRAL TRANSFORMS OF x7'%  (2) and VRT'2 . (2)

To solve generalized fractional kinetic equation, we use the Laplace transforms and Sumudu Transforms of

incomplete Aleph —functions which are as follows:

Lemma 2.1. If

/4 _
Y, >0, p>0, |arg(z)|<z‘l’,- , Re(®;)+1<0, i=1r

Re(a+p min {%})>0,Re(h) >0,c >0and y =0 ,

1<jsm j
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Then the Laplace transform of the incomplete X -functions Choi and Kumar [47] is given by:
o1 (Dymn " (ay,a1,y), (@, @)z, [Tj(aji' aji)]n+1,p,-
Lit Npoqizir | €t ;h
(bj' Bj)l,m’ [Tj (bji: Bji)]m+1,q,-
(ay,a1,5),(1 —a,p), (a;, aj)Z,n' [Tj(aji' aji)]n+1,pi >
(bj' Bj)l,m: [Tj (bji’ Bji)]m+1,qi

_ -0 Dymn+1 -p
=h NI7i+1,qi,fizr <Ch

and

PiqiTi;

L{ta'—l Wymn <ctp (ay, a1, 9), (@), @)z, [7 (a0 aii)]n+1.pi>; h}

(b, B 1m [Ti(Bji, Bji)lm+1.q;
(ay, a1,¥),(1 - 0,p),(a;, “j)z,n‘ [Tj (aji' aji)]n+1,pi >
(b, Bj)1m [Ti(Bji, Bji)Im+1.q; ’
Provided that each member in (17) and (18) exist.

—_ p-0 Wymn+l -p
=h Npi"'lr‘IirTi:T <Ch

Lemma 2.2. From the above lemma, it is obvious that
1 { p-o Mgmn <ch” (ay, ay,¥), (@, &j)zn, [Tj(aji' a]'i)]n+1,pi ) ) t}
PiqiTi;r 4
(bj, B 1m . [Tj(Bji, Bji) lm+1,4;
(ay,ay,y), (aj» aj)Z,n' [Tj (aji' aji)]n+1,pi )
(1 —0,p), (b, B)1m [Tj(Bji, Bji) Im+1.4:
and
(ay, @1,y), (@, aj)2n, [Tj(aji' a]'i)]n+1,pi ) ) t}
(bj, B 1m . [Tj(Bji, Bji) lm+1,4; ’
(ay, ay,y), (aj' aj)Z,n , [Tj(aji' a]'i)]n+1,p,- )
(1 —0,p), (bj, B)1m, [Ti(bji Bji) Im+1,4;

_ 40-1 Mgymn -p
=t Rpiai+Lrgr (Ct

PiqiTir

£ { h=o Wxmn <ch”

_ p0-1 (Wyymn -p
=t NI!Ji,fh+1.1'i:r <Ct

Lemma 2.3. If
T _
¥, >0, p>0, |arg(z)|<E‘P,- , Re(®;)+1<0, i=1,r

Re(bj)
j

Re(a+p min{

1<jsm

})>0, he€ (—14,73), Re(h) >0,c >0and y >0 ,

Then the Sumudu transform of the incomplete X -functions Choi and Kumar [47] is given by:
5{ go-1 Mygmn (ct” (ay, ay,y), (aj' aj)Z,n' [Tj(aji' “ji)]n+1,p,- ) ) h}
»qiTiT )
ped (bj:ﬁj)l,m: [Tj(bji:ﬂji)]m+1,qi
(a, a1,y),(1 —a,p), (aj' a]’)Z,n' [Tj (aji' aji)]n+1,pi )
(bj:ﬁj)l,m' [Tj(bji:ﬂji)]mﬂ,q,-

pitlqpTir

= po-1 (I‘)Nm,n+1 <Chp

and
s go-1 Wgmn P (ay, ay,y), (aj' aj)Z,n' [Tj(aji' “ji)]n+1,p,- h
pPi.qiTi;T b ) ) b L. ’
( j’ ﬁ])l,m i [T]( jir ﬂ]l)]m+1,qi
(a, a1,y),(1—a,p), (aj' aj)Z,n' [Tj (aji' aji)]n+1,pi )
(bjﬂﬂj)l,m' [Tj(bji:ﬂji)]mﬂ,q,- ’
Provided that each members in (21) and (22) exist.

— hﬂ'—l (Y)Nm,n+1 <Ch—p

Pi+1.qiTiT

Lemma 2.4. From the above lemma, it is obvious that:
5_1 { ho- (I’)Nm_n <Chp (a1; a1l y)r (a]; aj)z,n ’ [Tj(a]‘ir aji)]n+1,p,- ) i t}
0qiTiT ;
ped (bj, Bj)1m [Tj(bji'pji)]m+1,qi
(ay, a1, y), (@), @)z, [7T; (aji’ aji)]n+1,pi )
(1= 0,p), (b, B) 1m, [Tj(Bji Bji) Im+1.q;

— po-1 (Dgmn p
=t Rpiai+Lr <Ct

and

s-1 { ho (V)Nﬁiﬁi.ri;r <ch” (a1, a1,y), (aj, “j)z,n, [Tj(ajir aji)]n+1,p,- ) , t}

(bj' ﬁj)l,m: [Tj (bji: ﬂji)]m+1,q,-
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— ¢o-1 Mymn ) <ct" (ay, ay,y), (aj, aj)Z,n'[Tj(aji'aji)]n+1,pi)
piqitlTir

(1 —0,p), (bj, B)1m, [Ti(bji Bji) Im+1.4;

1-Re(b;
Where Re (a + p min { ReC ’)}> >0
1<jsm Bj

3. SOLUTION OF GENERALIZED FRACTIONAL KINETIC EQUATION
Theorem 3.1.
Ifo,p,v,1 >0,Re(h) >0,with |h|<I™' andy >0 ,c# l,t; >0,i=1,..,1r
then the solution of the generalized fractional kinetic equation:

(ay, @y,y), (a;, aj)Z,n' [Tj(aji' “ji)]n+1,p,-

N(t) — Notot Oxmn <ct”
pavTer (ij ﬂj)l,mv [Tj(bji’ Bji)]m+1,q,-

) =—-1"4D;" N(t), (25)

is solvable and its solution is given by:
N(t) =

pitlqi+l,t;r

N, go-1 Y (_1)k (lt)kv (F)Nm.n+1 (Ctp (ay, @, ), (1 = a,p), (af’ af)Z.n ’ [Tf (afi’ aﬁ)]n*'l,Pi)
=0

(bj'ﬁf)Lm’ (1—=0—"vk,p), [Tj(bfi’ﬁji)]m+1.qi

Proof. Taking Laplace transform on both sides of (25) and using (17) , we get

(ay, a1, y), (a7 ), . [%(@0 @) Insag, )}
(bj: Bj)l.m’ [Tj(bji» Bji)lm+1.;

=—1"L{ (D" N(©)},

(a1, @1,¥),(1—0,p), (@, @)z, [7i(a; aji)]n+1,pi)

(bj, B)1m . [Tj(Bji, Bji) lm+1,q;
— I i N(h)

LN(D} - NOL[ g1 Oxmn (ct"

pitlq;T;r

N(h) — Ny h~o Oxmnit <ch"’

Thus we have

& _ h7 M) yymn+1 -
N(h) = Nom N;Jr::—ll.qi,‘ti;r <Ch P

(al' aq, y)l (1 — 0, P), (ajl a]’)Z,n ) [T]' (a]'i' a]'i)]n+1,pi > <Q7)
(bj' Bj)l,m' [Tj(bji' Bji)]m+1,q,-

Now taking inverse Laplace transform on both sides and using lemma (2.2) ,we have

(a, a1, y), (1 —0,p), (4, )20, [7;(a)is aji)]n+1,pi)

N(@E) = Noto ) (~DF U ON L (e
0 L Pi+1ai+1,Tpr (b]-,ﬁj)l'm ,(1— 0o —vk,p),[7;(bji, ﬂji)]m+1,qi

This completes the proof of Theorem (3.1).
Theorem 3.2.
Ifo,p,v,1 >0,Re(h) >0,with |h|<1l™' andy >0 ,c# l,1; >0,i=1,..,1r
Then the solution of the generalized fractional kinetic equation
(ar, a1, ¥), (@, @j)z20, [Tj(aji’ aji)]n+1,pi )

=Y Dt—v N(b),
(bj, Bjd1m [Ti(bii' pji)]m+1,qi 0 ® (28)

N(t) — N ot Oxmn <ctP

Is solvable and its solution is given by:

N(t) =

~1 v (V) gmmn+1
NO ta Izkzo(_l)k (lt)kv v N;ni-:l;qﬁl,ri;r (Ctp

(a1; aq, y)l (1 -0, p)’ (a]" aj)z,n ’ [Tj (aji’ iji)]n+1,pi 9
(bi'ﬁi)Lm ,(1—0—vk,p), [Tj(bji’ﬁﬁ)]mﬂ,qi o

Proof. Proof'is similar to the proof of theorem (3.1).
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4. ALTERNATE SOLUTION OF GENERALIZED FRACTIONAL KINETIC EQUATION
In this part, we solve the generalized fractional kinetic equation by using Sumudu transform.

Theorem 4.1.
Ifo,p,v,1 >0,Re(h) >0,with |h|<I™' andy >0 ,c# l,t; >0,i=1,..,r

then the solution of the generalized fractional kinetic equation

(ay, a1, y), (@, @j)z0, [Tj(aji' “ji)]n+1,p,-

N(t) — Ny to-t Oxmn <ct”
(ij Bj)l,mv [Tj(bji’ Bji)]m+1,q,-

pPiqiTir

) =—=1"o¢D;" N(), (80)

Is solvable and its solution is given by:

pi+1,q;+1,T;7r

(a1, @y, (1~ 0,0, (4}, @30 [ (00 @) s
N() = Not”* Zeo(-D* (0)* Oxpig (ctp P pian o Gl (31)

(bf’ﬁf)1,m’ (1 -0 —vk,p), [t;(bi, Bji)]

m+1,q;

Theorem 4.2.

Ifo,p,v,1 >0,Re(h) >0,with |h|< ™' andy >0 ,c# l,t; >0,i=1,..,1r

then the solution of the generalized fractional kinetic equation:

(ay, a1, y), (), @)z, [Tj(aji» a]'i)]n+1,pi
(bjr Bj)l,m , [Tj(bjir ﬁji)]m+1,q,-

pPiqiTir

N(t) — Ny to-1 Wygmn <ct”

) = —1"oD;? N(t), (82)

is solvable and its solution is given by:

pitlqi+lTir

(@1, @1, %), (1= 0,0), (@}, @)z, [7(@jis &) s 0
N(t) = Nyt 1y¥e o(—D* (o) M gmn+1 (ctp ¥ jr 4 )2 1(1 1) +1,p (3)

(bj’ﬁi)Lm’ (1—0—-vk,p), [Tj(bji’ﬁji)]m+1.qi

Proof. Proofs of the theorems (4.1) and (4.2) are similar to proofs of theorems (3.1) .

5. SPECIAL CASES
On setting ¥ = 0 ,the incomplete Aleph —function reduces to Aleph —function introduced by Siidland and we

obtain the results derived by Choi and Kumar [47].
If we take T;= 1 ,then (13) and (15) reduce to the incomplete I- functions introduced by Kumar Bansal, et al.

[147 and we obtain the following results:

Corollary 5.1.

Ifo,p,v,1>0,Re(h) >0,with |h|< ™' andy >0 ,c# l,i=1,..,r

then the solution of the equation

(ay, ay,y), (aj, “j)z,n» [Tj (aji» aji)]n+1,pi
(bj:ﬁj)l,m: [Tj(bji:ﬂji)]mﬂ,q,-

piqiTir

N(£) — N, to-t Opmn (ct”

) = —=1"(D;" N(t), (34

Is given by:
N(t) =

pit1,q;+1,7;r

(a1, 21,), (A = 0,0), (), @) 2n, [T, i )]s, ;
No t771 T o (= 1)* (i) Prplitd (ctﬂ P papun 50 Gy (35)

(51,8, (1 =0 = vk, p), [1;(Bji, Bii)],, .

Corollary 5.2
Ifo,p,v,l >0,Re(h) >0,with |h|< ™ and y =20 ,c# l,i=1,..,r

then the solution of the equation

N(£) — Ny to-1t Wpmn (ct” = —1I",D;" N(b), (36)

(ay, ay,y), (aj' a]’)Z,nv [Tj (a]’i’ aji)]n+1,pi
PiqiTi;

(bjﬂﬂj)l,m' [Tj(bji'ﬂji)]m+1,qi

is given by:

© 20238 Conscientia Beam. All Rights Reserved.
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pi+1,q;+1,T;r

(a »a 'y)’ (1 —O‘,p), (a"a') ) '[T' Qji, Aji ] Di
N = Not? TR (-D* W™ VL, (ctp P 7 e 500 )l 7)

(b, B), - (1 = 0 = vk, p), [Tj(bﬁ'ﬁﬁ)]mﬂ,qi

If we set T;=1 and r = 1, then (18) and (15) reduce to the incomplete H- functions introduced by Srivastava, et

al. [157] and we obtain the following results:
Corollary 5.3.
Ife,p,v,l > 0,Re(h) > 0,with |h|< I'' and y >0 ,c# I,

then the solution of the equation

N(t) — Not° ' I," (ct” = —1"oD;” N(t), (38)

(a4, a1,y), (a, aj)Z,p)
(ij ﬁj)l,m

Given by:

p+1q

1, X1, ’ 1- ’ ’ j»rUj)2
N(t) = N,t°1 Zlc:zo:o(_l)k (lt)ka mn+1 (Ctp (ay, a3,¥), ( o,p) (a] a]) ,p) (89)

(1 — 0 — Uk,p)’ (bj’ﬂj)l,m

Corollary 5.4.
Ifo,p,v,l >0,Re(h) >0,with |h|< ™' and y =0 ,c# [,

then the solution of the equation

N(t) — Nyt Lyt <ctP =—1"¢D;"N(t), (40)

(ay, a1,), (aj' aj)Z,p )
(bj, Bj)1m
Given by:
(a1, a1,y), (1 —0,p), (a;,a;)z, ) )
41

— o—1 |0 _1\k kv,, mn+1 p
N(@®) = Not7 7 Xeoo(=D" ()Y yi1g (Ct (1 -0 —vk,p), (b, B;)

1im

6. CONCLUSION

In this article, we have explored a new generalization of fractional kinetic equation. The solutions of fractional
kinetic equation have been developed in terms of incomplete Aleph —function. Also, the particular cases hold the
incomplete H-function, the incomplete I-function and familiar Aleph-function were discussed. The new generalized
fractional kinetic equations presented here are general in nature and can be used in Statistical Mechanics and other

branches of Mathematics.
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