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ABSTRACT

This work 1s designed to transform the fifth stage — fourth order explicit Runge-Kutta method with the aim
of projecting a new method of implementing it through tree diagram analysis. Efforts will be made to
represent the equations derived from the y derivatives and x,y derivatives separately on Butcher’s rooted
trees. This is because the rooted trees and derived equations for the y dertvatives and x,y derivatives are the
same for the explicit fourth-stage fourth-order methods, hence, we are motivated to analyze the fifth-stage
fourth-order method. This idea is also derivable from general graphs and combinatorics.
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1. INTRODUCTION

Explicit Runge— kutta (ERK) formulas are among the oldest and best — understood schemes
in the numerical analysis tool kit. However, according to Byrne and Hindmarsh [17] “despite the
evolutions of a vast and comprehensive body of knowledge, ERK algorithms continue to be
sources of active research”. The history of ERK methods began almost a century ago. Classic
references are Heun [27; Kutta [37] and Runge [47. According to Lambert [57] the Runge-Kutta
methods represent an important family of implicit and explicit iterative methods for
approximation of ordinary differential equations in numerical analysis.

Because of their elegance and simplicity, ERK methods are usually among the first to be
taught in the ODE section of a numerical methods course. Thankfully, good quality introductory
texts no longer dismiss “the Runge — kutta method” as a fixed step size implementation of the
classic 4™ order ERK formula. However, significant advancements in the state — of — the — art

which post — date the work of Fehlberg [67 even in the fundamental area of deriving ERK
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formulas, tend to be ignored. According to Kahaner, et al. [77] another side effect of the simple
nature of the ERK formula is that a generation of non — experts have been tempted to write their
own “quick and dirty” codes. It is widely acknowledged that “squeaky — clean” codes require a
great deal of expertise and programming effort. A high — level discussion of some of the issues
involved in ERK is found in the work of Shampine and Gladwell [87]. Recent work on Runge-
Kutta analysis include Agbeboh [97; Agbeboh, et al. [107; Esekhaigbe (117 and Butcher [127.
More recent works are that of Van Der Houwen and Sommeijer [187; Van Der Houwen and
Sommeijer [14]; Van Der Houwen and Sommeijer [15].

An extensive variation of a fourth order Runge-Kutta Method can be seen in Agbeboh, et al.
[107; Agbeboh and Ehiemua [167; Agbeboh [177].

The work of Butcher [187; Butcher [197; Butcher [127]; Butcher [207] revealed much success
in the analysis of explicit Runge-Kutta methods and their transformation to rooted tree diagrams.
This was because the continuation of the process of Taylor Series gives rise to very complicated
formulas. It was therefore, advantages to use a graphical representation for a convenient analysis
of the order of a Runge — kutta method; hence, the basic tree theory was introduced. A tree is a
rooted graph which contains no circuits. The symbol T is used to represent the tree with only one
vertex. All rooted trees can be represented using T and the operation [ty, ta,...,tm |.Hence, it is the
differentials and equations derived that are represented on trees so as to enable us compare the
order condition with their differentials for varying parameters. Connes and Kreimer [217] pointed
out that the Butcher group is the group of characters that had risen independently in their own
work on rooted trees analysis in Runge — kutta methods for solving initial-value problems in
ordinary differential equations. Recent works on rooted tree analysis include Butcher [227;
Butcher [287; Butcher [247; Brouder [257]; Brouder [267] e.t.c. Our work on the component
analysis and transformation of an explicit fourth-stage fourth-order Runge-Kutta method
revealed the fact that the fifth-stage fourth-order method can still be researched. See Agbeboh and
Esekhaigbe [277.

Conclusively, despite the fact that good, reliable explicit Runge-Kutta formulas exist, there is
still need for their transformation to rooted tree diagrams. Traditionally, Runge — kutta methods
are all explicit, although recently, implicit Runge — kutta methods, which have improved weak
stability characteristics have been considered. However, the transformation of implicit Runge-

Kutta methods to rooted tree diagrams can also be explored.
1.1. Definition of Terms

1. A Runge — Kutta method is said to be A- stable if its stability region contains ¢, the non —

positive half — plane i.e.|r(z)| < 1, for all z €.
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2. The Conditioan-:i b; = 1, is known as the consistency and convergence condition which is
also necessary and sufficient for the local truncation error of the method to have
asymptotic behavior. Hence, @(x,y,0) = f(x,y)

3. A Runge — Kutta method has stability region when the region |r(z)| <1 and a strict
stability regions when the region |r(z)| <1

4. A Runge — Kutta method is said to possess stability properties if properties possessed by
the exact solution are as boundedness and convergence to zero of its numerical solutions.

A Runge — Rutta method is L — Stable if the region [r(z)| <1 for all z ¢ and in addition

S

that lim|,Le [ (2)| = 0. This property was first studied by Ehle [287]

6. A Runge — Kutta method is said to be AN — Stable if for z;, Z; ... Z;€¢ such that z; = z; if
¢; = ¢j,det (1~ Az), For [r(z)| <1, R(z) -1 + bTz(1 - Az)e.

The name AN — Stability in this definition comes from the observation that it is A —
stability modified for non — autonomous problems.

7. If a non — confluent Runge — Kutta method is AN — Stable, then M = BA + ATB —
bbT and B = ding (by, b ... bs) are each positive semi definite matrices.

8. A Runge—Kutta method is said to be B — Stable if for any problem y*(x) = f(y(x)) where f
is such that (f(u) - f(v))T (u-v) < Ofor all u and v, then ||yn — Zn|| <|lyp-1—
Yn—1l| for the solution sequences . .., Vn_1, Vn, -..and .. .Zy_q, Zp, .. ...

9. According to Lambert [57] the traditional criterion for ensuring that a numerical method is
stable or called absolutely stable” is subject to the linear test equation.

Y Ay; A €C; Re (M) < 0, where A is complex according to Butcher (197 the test equation
can further be reduced to y,_; = R (A h),
R (A h) is called the stability polynomial

2. METHODS OF DERIVATION
I From the general Runge-Kutta method, get a Fifth Stage-Fourth order method
il. Obtain the Taylor series expansion of k;,sabout the point (X, ¥n), 1=2,3,4,5
1. Carry out substitution to ensure that all the k;i’s are in terms of k; only.

iv. Insert the k;,s in terms of k; only into byiky + byky + bzks + byky + bsks

Separate all partial derivatives involving only y with their coefficient from all partial
derivatives involving x, y and their coefficients.
V. Compare the coefficients of all partial derivatives involving only y with Taylor series

expansion involving only partial derivatives with respect to y of the form:

Ory, ) = f4 2 f+ (P2 + Fhy)bf ffyy + F17 + PP yy) + (T fy fyy +
Af3fyy + 11212 fy + FA + f fyyyy)
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vi. As a result, a set of linear/non linear equations will be generated. Represent these
equations and their partial derivatives on Butcher’s rooted tree diagram.
Vil Compare the coefficient of all partial derivatives involving X, y only with Taylor series

expansion involving partial derivative of x, y only of the form:

h h? h3
#(x,y,h) = [+ Efx + ?(fxx + 2ffxy + ﬁcfy) + E(fxxx + 3f]§cxy + 3f2fxyy + 3fxfxy

+ 5ffyfay + 3ffehyy + funly + S/
Viil. As a result also, a set of linear/non-linear equations will be generated. Represent those
equations and their x, y partial derivatives on Butcher’s rooted tree diagram.
iX. Vary the parameters from the set of equations generated above. A new fifth-stage fourth-

order explicit Runge-Kutta formula will be birthed.

2.1 Derivation of the Fifth — Stage Fourth-Order ERK Method
According to Lambert [57the general R — Stage Runge — Kutta method is:
Yn+1=Yn+ ho (tn, Y, 1)
¢ O Yo ) = Eica by ky

ki = f(xy)
r-1
ky = f(x + hep,y +h Zar5k5>,r =2,3,..R
s=1

The formula is defined by the number of stages s, the nodes [Cr]srzl, the internal weights
[ars
From the above scheme, the fifth stage fourth — order method is:
Yn+1 = Yn T h(biky + bzky + bzks + byky + bsks)
ky = f(xn, yn)
ko = f(Cxn+ c2,yn + hagiks)
ks = f(xp+ csh, y, + h(as k. + asok,))
ky = fxp+ cah, y + h(agk, + agk, + ausks))
ks = f(xp+ csh,y, + h(agi ki + asyk, + assks + asnk,))
Using Taylor’s series expansion for k{s, we have:

ky = f(xn: yn)

r-1,s H N
] s=1r=2 and the external weights[b.]® _,.

[oe]

1 d d.,
ky = ﬁ(czh a"‘ hayikq @) fCenyn)
r=0
- 1 d d.,
ks = TZ:OE(CSh a + h(az k; + a32k2) E) f(xn’yn)

1 d d
k= ;ﬁ(cm gt @k + ks + asaka) )" FGo, )
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c d
ks = Z (Csh + h(asiky + asyk, + aszks + asaky) _) [ yn)
r=0
Hence, we have:

ky=f

1 2 1 3
ky = f + (cohfy + hagikif,) + z(czhfx + haykif,)" + ﬁ(czhfx + hay ks f,)
1 4 .
+ g1 (c2hfe + hazkify) + 0(h®)
1 2
ks =f+ (C3hfx + h(asik, + aszk;) fy) + z(%hfx + h(asik, + aszk;) fy)

1 3 1 4
+ i(%hfx + h(asziki + aszk;) fy) + E(%hfx + h(asz ki + aszk;) fy)
+ O(hs)
ky=f+ (C4hfx + h(asiks + sk, + assks) fy)

1 2
* E(C‘*hfx + h(asks + ks + asks) fy)
1 3
+ §(C4hfx + h(a41k1 + a42k2 + a43k3) f;/)

1 4
+ E(c4hfx + h(agiky + apk, + assks) f,) + 0(R®)
ks =f+ (Cshfx + h(asikq + aszk; + assks + assks) fy)

1 2
+ E(Cshﬁc + h(a51k1 + a52k2 + a53k3 + a54k4) ﬁ;)
1 3
+ E(cshﬁc + h(asiky + aszk, + assks + asqky) f,)

1 4
+ E(cshfx + h(asiky + aszk, + assks + asqky) f,) + O(R®)

Expanding fully and substituting the various ki’ s, 1 = 2, 3, 4, 5 into their various positions in
terms of k; only and collecting like terms, in terms of y derivatives and (X, y) derivatives
separately, we have:

ki=f

h2 h3 4 2
kZ - f + ha21ff;/ a21f f;/y a21f f;/yy 41 a§1f4fyyyy + hszx + ?szf;cx

h3 3 3 4
+ h262a21ff;cy ?CZSf;cxx 21 57 C2 a21ff;cxy 21 62a21f f;cyy 41 Cgf;cxxx

4 h4— 4
3, o5 €2 aZlffxxxy 2121 C; a21f fxxyy 562a31f3fxyyy + 0 (hs)

80
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h2
ks = f+h(az; + as)ffy + h*azasff;} + 5(‘151 + 2az1a3; + a3)f%fyy

h3
+ §a21a32(a21 + 2(az; + a32))f2fyfyy

3
+ 5(“31 + 3a3,as; +3a3,a5; + a3,)f3fyy

4
3 2 3 2 3
+ g(azzam + 3a31a3,0,1 + 303,01 + 60a3103,01)f°f, fyyy

4 4

h
+ 5‘1%1‘132(‘131 + ‘132)f3fyzy + ?agzaglfzfyzfyy

h* 2
+ p (a3, + 4a3,a3, + 6a5,a3, + 4aza3,+ az)f*fyyyy + hesfe + ?C?%fxx

h3 h3
+ h2c3(az, + a32)ffxy + hZCzaszfxfy + §C3sfxxx + 553%(%1 + a32)ffxxy

3
+ 5‘33(‘1%1 + 2a3,a3; + a%z)fzfxyy + h3cyaz,(as; + a32)fﬁcfyy

3 4

h h
+ h3azas,(c; + c3)ffy fay +§sza3zfyﬁcx + h3cyc3a3,fifey + Ic§ﬁcxxx

4 4 4

+ §C23a32fxxxfy + ?C§C2a32ﬁcfxxy + 7“21‘132(522 + S fyfexy

4 4

+ §a21a32(202a31 + 3caa1 + 603a31)f2fy fryy + ?C3a3zczzﬂcxfxy

4

+ ?C22a32 (az1 + as2)ffexfyy

4

+ 5“21“32(2%“31 + 20035 + €300 [P fryfyy + h*c3az:62a51 ff

4 4

h
+ ?agzczzf;fyy + h4a§2a21c2ffxfyfyy + §C3C2a32(6a31 + 2a32)ffxfxyy

h4 4

h
+ 7C2a32(a§1 + 2aza3; + a%z)fzﬁcfyyy + ?‘733(@31 + a32)ffxxxy

4
+ ﬁcsg(agl + 2‘131‘132 + a%z)fzfxxyy

h4
+ §c3(a§1 + 3a3,a3; + 3a31a5; +a3) 3 fryyy + 0 (h°)

2 2
+12a4105,043 + 2041042043

81
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h2
+ 6af1af3+ 4a3rQu3+ 404105+ Ao+ ads) ffyyy + heafy + h2(Caluz + C3au3) fify + ;Cffxx

h3
+  hPcyag + as + ags)ffey + o (Gag, + cias)fixfy +  h2(CalpGap+  C3a31043+

C3A32043) f ey fy + h3cza32a43fxfy2+ h3(c2Caar+ C3€4Q43) frfxy
+h3caa3,a43f fif + h3 (CCaa4,+ €3€4043) frfey + h3(Ca0z1 Q4 + C4Q31043+
C4a32a43)ffyfxy+ h3(Co041Qap+ C3041Q43+ C3042Q43+ Col4p043+ Czaﬁz + 53a42,3)ffxfyy +

h 3 h3 2 2 2 h3 2 2
;%ﬁcxx + o (CGan + Ciagpt C3aus)ffayt S Ca(@h + 2041040 + 2041043 + afp +

ht 3 3 4 2 2 2
= (CGGauy + €3a43) frxxfy +;(3C2a21a42+c3a31a43+3c3a32a43 +

2042043 + al3)f *fryy + 3

h4

2 2 2 2

cia,1a + 3cia31A43+ 3cias,a + Co0a51Ay4+
1

3¢4021Q4; 4031043 1 032043) f frxy fy o (€2a31Q42

2 2
20303103043 + €3031043+C303,043+ 204051041 Q42+ 204031041 Q43+ 20403504143+

2 2 2 N\ £2
20405105+ 2C4031 Q42043 + 2€4037Q45043 + 2€4051Aur Qg3+ 2C4A31053+ 2€4032053) [ fy fryy +

h4
M (c3 ‘1326143)ﬁcxfy2 + h* (2021037043 + C3021037043 1 C402103; a43)ff;cyf;/2 +

h* 2
;(252‘131‘132‘143 + 20,035,043 + 205035041043+ 205037047043 + 2C5031A42043 +
2 2 2 2 2
205035047043 + 2C3031047043+ 2C021A5; + Co0350%3 + C3031A33+ C303,053+ C3031053+
4
2 4 h 2 2

C3a32053)f fefyfyy + h (cac3a32a43 + C204‘132a43)fxfyfxy Sy (c3Ca0uy + €5C4043) fixfiy+
4
h*(c3€4021a47 + €3€4031043 + C3C4032043)

2 41 a2 2 2 2,043 + 2 2
s = (C4031Q42+ €4Q51A43+ 204Q31035043+ C403043 C2021Q41Q4p+ 4C3031041Ay3+

2 2 2 2

203035041 Q43+ 203031047043+ 203032042043+ C031A5,+ C3031A43 + C3A320%3) [~ fiyfyy +

h* nt
;(2‘3253‘1426143"‘ ciaZ,+ 032‘14213)fxzfyy o (Ccha42+c3cfa43)ﬁcfxxy + h*(cychaq1a4, +

4
2 2 h 2
C3C4041043 + C2C4Q% + C3C4042043)  +  CC4Q42043+  C3€4053)f ffiyy+ o (C2c41a4r +

2 2 2 2 2
C3C51 Qa3+ 20504105, + 203041045043 + 2C5041045043+ C3C455043 + 2C5C45043 + 203041053 +
2 2 2 3 3 \£2 h* 4 n* 3 + 3 +

C3042Q%3 + CpQupQs3+ CoCapt  C3033)f“fifyyy + o Ca frxxxt 3 (C2a41 + €304,

h4

4
3 20,2 2 2 \f2 h 3
€2@s3)f faxxy + 55,€a(@hy + 20410s2 + 2041Qs3+ Qo+ 2040043+ 53)f " frxyy+ 5 Ca(@iy +

2 2 2 2 2 3 3 3
3aj1a4, + 305143 + 3a41Q5+ 60410443+ 3a4043+ 3a42053 + A4y + Aas) [ fiyyyt

h4

221 (2¢5a41047 + 2€5041a43 + 2¢5045a43+ 505, + €5a53) ffuxfyy. + 0(R7).
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ks = f + h(as; + as; + ass + as ) ffy
+ h2(az1as; + a31053 + A32053 + Q1054 + Agps4 + Ag3a50) f fF
2

+ N (a%, + 2as,as; + 2as,as3 + 2as,as4 + ad; + 2as,as3 + 2as,as4 + al;

3
2 )2 2 2 2
+ 2as3as, + az)ffyy + E(auasz + a31as3 + 203103053 + 3,053
2 2
+ 041054 + 2041045054 + 2041047054 + 2041 Q43054 + 2047043054 + Q55054
2
+ ag3ass + 2051051A5; + 2031051053 + 2035051053 + 2041051054
2
+ 2042051054 + 2043051054 + 205105, + 205105,053 + 2031055053
+ 203,057,053 + 2041052054 + 2045055054 + 2043052054 + 2051057054
2 2
+ 2a3,a53 + 203,055 + 2041053054 + 2042053054 + 204305305,
2 2 2\ £2
+ 2031053054 + 2032053054 + 2041054 + 204,05, + 2a4305,) [ fy fy
3 2
+ h3(a32021053 + Q21042054 + Q31043054 + A32043054) f [
3
+—(ad, + 3a%,as, + 3a,as; + 3a2,as, + 3as,a, + 6as,as,a
37 (451 51052 51053 51054 51052 51052053
2 2 3 2
+ 6as5,a5,a54 + 3a51a535 + 6051053054 + 3as5,a5, + a5, + 3a5,a53
2 2 2 3 2 2
+ 3a5,054305,a53 + 6A5,A53054 + 3a5,054 + a53 + 3a53a54 + 3as5305,
2

3 3 2 h' 2
+ a54)f fiiyy + hCSfx +h (Czasz + C3Qs53 + C4a54)f;cf;1 + icsfxx

3
+ h2(csasy + Cssy + Css3 + C5As4) ffry + bl (ctas, + c3ass + cfasa)fixfy
+ h3(cza21a52 + C3031053 + C3032053 T AyAy1A54 + Q4042054
+ a4a43a54)ffxyfy + h3(a3,C2a53 + C2a42054 + 6'3‘14,36154)fxfy2
+ h3(cycsas; + C3C5as53 + CoCsse) frfry
+ h3(az1¢5as; + A31C50s3 + A35C53 + 41C5a54 + QaCsasa + Aa3Cs5a50) [y fry
+ h3(ca51 a5, + C3051A53 + C4051a54 + €208, + CoA52053 + C3a5,as53
+ C4ls054 + Co055 054 + €383 + C4053054 + C3054053 + Coal)ffff,
3 3 3
+ §C53fxxx + a7 (ctas; + cZasy + c2asz + cZasy) ffoxy + >7 (csat,
+ 2¢50s51 a5y + 2C5A51As3 + 2C5A51As4 + C5AZ, + 20555053 + 2C50s,A54
+ csads + 2¢5053a54 + C5a24) [ fryy
Putting the k;l.,s (v derivatives only) intoyn4qs = Yy + h(biky + byk, + bsks + byky + bsks
whered(x,y,h) = biky + bk, + bsks + bk, + bsks and equating coefficients with the

Taylor series expansion:

83
© 2015 Conscientia Beam. All Rights Reserved.



International Journal of Mathematical Research, 2015, 4(2): 76-100

OrCoy,h) = [+ 2ff+ 2+ )+ S foy + I+ Ffom) + 4 fy fopy +

4f3fyzy + 11f2f2fyy + i+ f*fyyy), we have the following equations:
by+ by + by + by +bs =1
b,c, + bscs + bycy + bscg = 1/2
b,c3 + bsc3 + byc2 + bscZ = 1/3
b,c3 + bz + b,ci + bl 1/4

b3caa3; + ba3Cayy + byC3043 + bsCasy + bsC3as3 + bsCatsy = 1/6

b3a35C5C3 + byQurC2Cs + bys3Cs3Cs + bsCyCsas; + bsdsscscs +
_1
bscycsasy = /8
2 2 2 2 2_1
b3a35¢5 + by €3 + bs@sycl + bsasycf + bsasaci = /15

-1
bycaa32a43 + b5CaQ32A53 + D5Cr45054 + D5C3043054 = /24_

(8)

The rooted trees and their partial derivatives for the above (8) equations are represented in table

1 below: (Note:

C; = Q1 C3= Q31+ A33,C4 = Quq + A4y +Au3C5 = asq + A5y + As3 + Asy)

© 2015 Conscientia Beam. All Rights Reserved.
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Table-1. Rooted trees and derived equations for y derivatives

i=4,j=3,k=2

Equations Derivatives | R(T) | Tree T 1
R0
b1+b2+b3+b4+b5=1 f 1 ‘ 3
0 Z b =1
i=1
bZCZ + b3C3 + b4C4 + b5C5 = 1/2 ffy >
: ] m Y be=1/,
i=2
b,c3 + bscZ + bycZ + bgcZ = 1/3 7 o >
3 Z bict="/3
Cote] i=2
b,c3 + bsc3 + bucl + bscd = 1/4 2 hyy 4 >
) Dobict =1/,
i=2
b3cya3; + byCaa4y + byC3a43 + bsCaasy; + bsCsass + bscyasy i 3 , ik "
i=3,]=2
b3a3,C5C3 + baGyrCyC4 + byuscscy + bscycsas, + bsaszcscs + 2 ffy * ° 2
1 tlt 1
bSC4C5a54- = /8 E [ jj bi c,-aijcj = /8
i=3,j=2
b3a35¢5 + by@arc + bsasyci + bsasycd + bsasaci = 1/12 f 1y fyy . & 2 1
4 EQt“]Q z b; a;ic; = /12
i=3,j=2
b b b b =1 i 4 54,3
4C2032043 T D5C2032053 + D5Ca042054 + D5C3043054 on y 1
[sts] b ai;aci = /o4

© 2015 Conscientia Beam. All Rights Reserved.
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Also Putting the k;,s (x, y derivatives only) intoy,,+1 = ¥, + h(b;k; +byk, + bzks +
byk, + bgks whereg(x,y,h) = byk; + byk, + bsks + byk, + bsks and equating coefficients

with the Taylor series expansion:

h k2 h? ,
CDT(x:y: h) =f+ Efx + ?(fxx + Zfﬁcy + fxfy) + Z(fxxx + 3ffxxy + 3f f;cyy + 3fxfxy

+ 5fffay + 3ffakyy + fufy + ff)
The Equations become:

b1+b2+b3+b4+b5:1 (9)
1

bycy + bscs + bycy + bscs = 1/2 (10)
byc2 + byc? + byc? + bsci = 1/3 (11)
byc2 + byc? + byci + bsci = 1/3 (12)
b3Ccya30 + buCyauy + buc3ays + bscyass + bscaasy = 1/6 (18)
byc3 + bsc3 + byc + bscd = 1/4 (14)
byc3 + byc3 + byci + bscd = 1/4 (15)
byc3 + byc3 + byc3 + bscd = 1/4 (16)
b33;C2C3 + byCyCauy + byy3C3C, + bsCaCsas; + bscscsass +
bscycsas, = 1/8 (17)
b3a3,C5C5 + byCyCiayy + byayscscy + bscycsas, + bscscsass +
bscicsasy = 1/8 (18)
b303,C5C5 + byCyChiayy + byayscscy + bscycsas, + bscscsags +
bscycsasy = 1/8 (19)
b3a35C5 + by@srC3 + bsasci + bsasy ¢l + bsasscl + bsasacy = 1/12 (20)
b3as,C5 + by@arCs + baaysci + bsasyci + bsassc + bsasaci = 1/12 (21)
b3C2a32a43 + D5C2Q32a53 + D5CaQ42054 + D5C3043054 = 1/24 (22)

Below is Table 2 Showing the rooted trees for the above fourteen (14) equations
(Equations 9-22) and their partial derivatives: (Note:

C3 = Qp1, C3= Q31+ Q33,04 = Agq +Ayp +As3C5 = 51 + A5y + Asz + As4)
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Table-2. Rooted trees and derived equations for X,y derivatives

Derivatives | R(T) | TREE T

Equations

b1+b2+b3+b4+b5:1 f 1 5
Zbi:l

b202+b3C3+b4C4+b5C5 = 1/2 fx

il Zbiciz Y,

1/3 fax 2
1/3 [ ey 3

byc? + bsc3 + byc2 + bsc?
b2C22 + b;;c% + b4_CZ + b5cg

]

N

5,4

E‘—’tj‘z Z bi aijc]- = 1/6

b3C2a32 aF b4C2a42 aF b4C3a4_3 s bsCzaSZ Tr b5C3a53 s b5C4a54 = 1/6 fxfy

i=3,j=2

% fxxx °

Ya ffxxy

byc3 + bsc3 + byci + bgcd 1
b2C23 + b3C33 + b4C2 + bscg » Z bi ¢ = /4
b2C23 + b3C33 + b4C2 + b5C53 = 1 fzfxyy [ ] =2

([ J
:>
.\I/
b3a3;C5C3 + byCyCaQuy + bay3c3cy + bscyCsas; + bsczcsass + ffxfyy
b5C405a54_ = 1/8 B
b3a32C2C3 + b4C2C4,a42 + b4_a4303C4, + b5C2C5a52 + b5C3C5a53 + fxfxy * [t[tjj Z bi ai]‘CiCj = 1/8

b5C405a54_ = 1/8 i=3,j=2

b3a35C5C3 + byCyC4a4y + baaysczcy + bscycsas; + bsczcsass + 1y fey
bscycsas, = 1/8
b3a32c22 + b4a42c22 + b4a43C§ + b5a52c22 + b5a53C§ + b5a54cf = 1/12 fxxfy

b3a32c22 + b4a42c22 + b4a43C§ + b5a52c22 + b5a53C§ + b5a54cf = 1/12 ffyfxy

5,4
E2t2]2 Z bi aijCjZ = 1/12

i=3,j=2
54,3

2
b3Cy32043 + bs5C2032053 + b5Ca042a54 + b5C3043054 = 1/24 fely ! [st] Z b L
358 i AijAikCr = “/24

i=4,j=3,k=2
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Solving the first eight (8) equations,

Set Cy = 0, Co = Ya, Cs = Ya, Cy = Ve, Cs = 1
(25)

Equation (2) Becomes: by + by + 2by + 4bs = 2 (24)
Equation (8) Becomes: ~ 3b, + 3b3 + 12b, + 48bs = 16 (25)
Equation (5) Becomes: b, + by + 8b, + 64bs = 16 (26)
Solving (1), (24), (25) and (26), we have:

by=1g by =1y by=~1/) by=2/3 by =1/ (27)
Hence,

Equation (4) becomes: —3az, + 4a4, + 4a43 + as; + asz + 2as, = 4 (28)
Equation (6) becomes: —3as; + 8a,; + 8ayz + 4as; + 4as; + 8as, = 12 (29)
Equation (7) beCOmeS: —3(132 + 4‘a42 + 4a43 + a52 + a53 + 4(154 = 8 (30)
Equation (8) becomes: 3a32a4_3 + a32a53 + a4_2a54_ + a43a54 = 1 (31)
Setting as, = 1/2 yp = 1/4 (u3 = 1/4 (28),(29),(30),(31) become:

2a52 + 2a53 + 2a54 = 2 (32)
2(152 + 2(153 + 8a54 = 15 (33)
8a52 + 8a53 + 16a54 = 19 (34‘)
asz +as, =1 (85)
Solving (32), (33), (34) and (35) we have:

as, = 1/2, ag3 = —1, A5y = 2 (36)

Since, €2 =0z, ~ QA1 = 1/4.’ C3=0az; +az; = 1/4., az; = — 1/4' Cq = Qg1 T Qg2 + Qg3 =
1/2’ a4 =0,
Cs =asy +asy +asz3 +asy =1, » as; = — 1/2 (87)
Putting all the parameters together,
Hence, the fifth-stage fourth-order method becomes:
h
yn+1 = yn + g(kl + 3k2 - 3k3 + 4‘k4_ + ks)
0
ky = f(xn,yn)
h h 1/4| 1/4
ko = f (%0 + 5,00 +5ky)
. . 14| -1/4 12
ks = f Gt + 2,3 + 2 (—y + 2K5))
1/2 0 1/4 1/4
1 -1/2 1/2 ) 5
88
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h h
Ky = f Gt + 2,30 + 2 (e + 3))

h
ks = f(tn+ Ry + 5 (—ky + ko — 2k3 + 4k4))

Above, is the fifth-stage fourth-order explicit Runge-Kutta formula and its Butcher’s

tableau for

the parameters.

3. IMPLEMENTATION OF THE FORMULAS AND RESULTS
The formula is implemented on the initial — value problems below with the aid of FORTRAN

programming language:

—~
= =
= =
S
=
< <
o
I

=
<
=
<
L
I

4. RESULTS

XN
.1D+00
.2D+00
.3D+00
4D+00
.5D+00
.6D+00
.7D+00
.8D+00
.9D+00
.1D+o01

XN
.1D+00
.2D+00
.3D+00
4D+00
.6D+00

y1 = -y, Y(O)Z 1,0<x<1, y(xn)ze%

y, y(0)=1,0<x<1,
1+ y% y(0)= 1,0<x

y% y(0)=1,0<x<1,

YN
0.9048373958333D+00
0.8187307128984D+00
0.7408181661478D+00
0.67031998024.32D+00
0.6065305852983D+00
0.5488115552946D+00
0.4965852184960D+00
0.4493288759132D+00
0.4065695699541D+00
0.8678793509023D+00

YN
0.1105170937500D+01
0.1221402801095D+01
0.1349858878751D+01
0.1491824802522D+01
0.1648721415589D+01

© 2015 Conscientia Beam. All Rights Reserved.

y(x,) = e

<1 y(xn) = tan(xn + T[/4).h = 0.1

1
1-xp

Y(xn) =

PROBLEM 1
TSOL

0.9048374180360D+00
0.8187307530780D+00
0.7408182206817D+00
0.6703200460356D+00
0.6065306597126D+00
0.5488116360940D+00
0.4965853037914D+00
0.4493289641172D+00
0.4065696597406D+00
0.8678794411714D+00

PROBLEM 2

TSOL
0.1105170918076D+01
0.1221402758160D+01
0.1349858807576D+01
0.1491824697641D+01
0.1648721270700D+01

ERROR
0.2220262629304D-07
0.4017953347812D-07
0.5453391760391D-07
0.6579243794214D-07
0.7441432348099D-07
0.8079943614181D-07
0.8529541101199D-07
0.8820397545684D-07
0.8978653853742D-07
0.9026913183607D-07

ERROR
-.1942435257085D-07
-4293445909909D-07
-7117487443864D-07
-.1048805355897D-06
-.1448886481903D-06
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.6D+00
.7D+00
.8D+00
.9D+00
.1D+o01

XN

.1D+00
.2D+00
.8D+00
4D+00
.5D+00
.6D+00
.7D+00
.8D+00
.9D+00

XN

.1D+00
.2D+00
.3D+00
4D+00
.6D+00
.6D+00
.7D+00
.8D+00
.9D+00
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0.1822118992543D+01
0.2018752955225D+01
0.2225541241419D+01
0.2459603500224D+01

0.2718282306221D+01

YN
0.1223188375177D+01
0.1508791121547D+01
0.1896566724908D+01
0.2467218298234D+01
0.3415663494701D+01
0.5866223511315D+01
0.1200178512345D+02
0.3895792880835D+03
0.8694330759979D+38

YN
0.1111188175011D+01
0.1250065951128D+01
0.1428727602736D+01
0.1667019624523D+01
0.2000823003079D+01
0.2502109562425D+01
0.8339787877491D+01
0.5027273147390D+01
0.1021940517339D+02

4.1. Prove for Stability

Proof:

© 2015 Conscientia Beam. All Rights Reserved.

0.1822118800391D+01
0.2018752707470D+01
0.2225540928492D+01
0.24596038111157D+01
0.2718281828459D+01
PROBLEM 3
TSOL

0.1228048934998D+01
0.1508497718711D+01
0.1895765223257D+01
0.2464962911374D+01
0.8408223718067D+01
0.5381855866643D+01
0.1168137680447D+02
-.6847956583236D+02
-.8687627875070D+01

PROBLEM 4
TSOL

0.1111111111111D+01
0.1250000000000D+01
0.1428571428571D+01
0.1666666666667D+01
0.2000000000000D+01
0.2500000000000D+01
0.3333333333333D+01
0.5000000000000D+01
0.1000000000000D+02

k, = Ay,
hiy
+ak)= (et =
Ay
= Ay (1 +T)

-.19215206603641D-06
-.2477543565860D-06
-.3129267565072D-06
-.3890672486406D-06

-4777620135066D-06

ERROR
-.89440178938153D-04
-.2984028360511D-03
-.8015016503180D-03
-.2255386859622DD-02
-.7489776634312D-02
-.8436764467238D-01
-.83204083189739D+00
-4580588539158D+03
-.8694330759979D+38

ERROR
-.2206389955384D-04
-.6595112836094D-04
-.1561741644329D-03
-.8529578558492D-03
-.8230080794407D-03
-.2109562424609D-02
-.6454544157208D-02
-.2727314788984D-01
-.2194051733883D+00
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h hily 2h Ay
ks = flyn+ Z(_k1+ 2k,) =/1(yn+T-|-T ,1y<1+7)

Ayh  2hdy  2h%A%y
ks = A(J’n - —

4+4+16

k;= 2 1+/1y+/12}12
3 = y 4 8

ky = e P = 2y, 2O 1+’1y)+lyh 4y R
4_f(y" 32 43)_ I 4( 4 4 2" 8

k,= 2 1+'1y+'12hz+'1y+'1zhz+'13h3
+= 4 47716 T2 " 16 T 32

P T L
4= Ay 2 "8 32

hkl hkz _th3 4’hk4
ko= f = St 0 5 )

3 Ayh  Ayh Ay 2Ayh Ay A%h?
ks—/1<yn——2 +—2 (1-}-—4)——4 1+—4+ 8
aryh( Ay A%h?  A%h?
T2 <1+ 278 T3

ko= ay(1-2 e DL AR AR AR iy e
5= R 8 Y 4

7 A3h3
ks=Ay|1+ /1y+ZAZh2+ 3

My (142 s (142 BB gy (142 B AR
Yr1 = Y= |y 30y 14— 3y (14 + = y >t 5

7 A3h3

+ Ay 1+ Ay +-A%h* +
8 8
0 PN A 0 U YW PR TY
Yn+1 Yn = 6 4 4 8 4 2 8
TR A
g 8

Ayh

A3h3
Yn+1 — Yn = 7[6 + 3Ah + lzhz + —]

Dividing by y and setting u = Ah,we have:

- P
Yunr = Yn _ Ble 4 32n + 22h2 +
Vn 6 4
2 3 4
Ve o
n 1[“+2+6+24]
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_ —589 —1573 —652 —1153
= 21777625 Y7377 "1297

The Stability region is seen in the diagram below plotted using matlab.

w

25 B ‘5 ' 05 0 0.5

Figure-1. Absolute Stability Region
Source: Matlab code for Absolute Stability

It is clearly seen from the diagram that our method is absolately stable.

4.2. Prove For Convergence and Consistency of the Method

Proof:
h
1™ W= g (ki + 3k, — 3ks + 4k + ks)

Ky = f(xn,yn), k= f(xn + c2h, yn + hayiky)
K3 = f(xn +csh, yn +h(asiky + a32k2)), ky
= f(xn + cah, Yy + h(asiky + asrk, + agsks))
Ks = f(xy + csh, Yo+ h(asiks + asyky + assks + asaks)).
The above is convergent and consistent to a known functionif y' = f(x,y) y(a) = u,a
<x<bh
i.e.® (x,v,0) = f(x,y).
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5) —
T,(h°) = Yn—1— Y

_ g F G ya) + 3 (tn + c2hy Y + hagiksf G yi)]

= 3|f (xn+ cshy

+h (a31 F Ot yn) + as; (f(xn + coh, y + hay f(xy, yn))))]
+4|f| xn+csh Y

+h <a41f(xn, Vn)
+ ay (f(xn + chy, + ha21f(xn,yn))

+ s (£ O+ csh v + B f G 30)
+ asn (f(xn + Czh, VYn + hanf(%u)’n)))))) + f(xn + C5h, Yn

+ h(@sy f Gon, ) + sz (F(tn + €2, Y + haaf G, )
+ ass(f(xn + c3h, Yo + h(azif (en, vn))

+ asy (f(xn + Czh’ Yn + ha21f(xn:3}n)))

+ Asq f Xn + C4h' Yn

+ h| agf (e y) + ag (f(xn +ch v, + ha21f(xn’yn)))
+ au3 <f (xn + c3h,

Y+ R(@snf Gon ) + sz (F ((n + b3 + ha21f<xn,yn))))))>

Dividing all through by h and taking the limit of both side as h —» 0,we have

© 2015 Conscientia Beam. All Rights Reserved.
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hn(h) = 3’71—;17_3’71 = % [f(xru yn) + 3f(xn' yn) - 3f(xn' yn) + 4'f(xn: yn) + f(xn' Yn):l

1
= g[6f(xn,yn)] = f(Xn,Yn)

= @(Xn,yn, 0) = f(xn’yn)'Y(xo) = Yo-
Hence our method is convergent and consistent.

5. FINDINGS, CONTRIBUTION TO KNOWLEDGE AND CONCLUSION

This study contributes in the existing work of Butcher in [18, 19, 22, 237. The study uses
new estimation methodology to show that the two sets of equations derived from both derivatives
(y derivatives and x,y derivatives) are the same, hence generating the same rooted trees. The
paper’s primary contribution is to find easy approach in deriving a new Runge-Kutta formula.
This study originates a new formula that is absolutely stable and consistent in handling problems

in Ordinary Differential Equations.
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APPENDIX
FORTRAN PROGRAM THAT GENERATED THE RESULTS

C PRO
C SECOND-ORDER CLASSICAL RUNGE-KUTTA METHOD
C OUR PROBLEM IS :Y'=-Y,Y(0)=1
C THEORETICAL SOLUTION:Y(XN)=EXP(XN)
DOUBLE PRECISION XN,YN,H,ONE,TWO,FOUR,SIX,THREE, TWELVE
DOUBLE PRECISION TTWO,FSIX, TTHREE,ONONE,SFOUR
DOUBLE PRECISION TSOL,ERROR,K1,K2,K3,K4,K5,EIGHT
OPEN(6,FILE='RUNG2.0UT")
H=0.1Do
YN=1.0D0
XN=0.1Do
THREE=3.0D0
ONE=1.0Do
TWO=2.0D0
FOUR=4.0D0
TTWO=32.0D0
FSIX=46.0D0
TTHREE=23.0D0
ONONE=111.0D0
SFOUR=74.0D0
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SIX=6.0D0
TWELVE=12.0D0
EIGHT=8.0Do0
ONT=192.0D0
PI=FOUR*DATAN(ONE)
WRITE(6,101)
3 Ki1=(YN)
K2=(YN+(H/FOUR)*K1)
(YN+(H/FOUR)*(-K1+ TWO*K2))
4=(YN+(H/FOUR)*(K2+K3))
5=(YN+(H/TWO)*(-K1+K2-TWO*K3+FOUR*K4))
YN:YN+(H/SIX)*(K 1+ THREE*K2-THREE*K3+FOUR*K4+K5)
TSOL=EXP(XN)
ERROR=TSOL-YN
WRITE(6,100)XN, YN, TSOL,ERROR
XN=XN+H
IF(XN.LE.ONE) GOTO 3
100 FORMAT(D6.1,1X,3(3X,D19.13))
101 FORMAT(2X,’XN",13X,'YN',16X,"TSOL',16X,'ERROR")
END
CPRO
C SECOND-ORDER CLASSICAL RUNGE-KUTTA METHOD
C OUR PROBLEM IS :Y'=-Y,Y(0)=
C THEORETICAL SOLUTION:Y(XN)=EXP(XN)
DOUBLE PRECISION XN,YN,H,ONE, TWO,FOUR,SIX,THREE
DOUBLE PRECISION TSOL,ERROR,K1,K2,K38,K4,K5
OPEN(6,FILE='RUNG2.0UT")
H=0.1Do
YN=1.0Do
XN=0.1Do
THREE=3.0D0
ONE=1.0D0
TWO=2.0Do
FOUR=4.0DO
SIX=6.0D0
EIGHT=8.0Do
PI=FOUR*DATAN(ONE)
WRITE(6,101)

Ks=
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K1=-(YN)

K2=-(YN-+(H/FOUR)*K1)
K3=-(YN+(H/FOUR)*(-K1+TWO*K2))
K4=-(YN+(H/FOUR)*(K2+K3))

K5=-(YN+(H/TWO)*(-K1+K2-TWO*K3+FOUR*K4))
YN=YN+(H/SIX)*(K1+ THREE*K2-THREE*K3+FOUR*K4+K5)
TSOL=ONE/EXP(XN)

ERROR=TSOL-YN

WRITE(6,100)XN,YN, TSOL,ERROR

XN=XN+H

IF(XN.LE.ONE) GOTO 3
100 FORMAT(D6.1,1X,3(3X,D19.13))
101 FORMAT(2X,’XN",13X,"YN',16X," TSOL',16X,'ERROR")

END

C PRO

C SECOND-ORDER CLASSICAL RUNGE-KUTTA METHOD
C OUR PROBLEM IS :Y'=-Y,Y(0)=

C THEORETICAL SOLUTION:Y(XN)=EXP(XN)

DOUBLE PRECISION XN,YN,H,ONE, TWO,FOUR,SIX,THREE
DOUBLE PRECISION TSOL,ERROR,K1,K2,K3,K4,K5

OPEN(6,FILE="RUNG2.0UT")

H=0.1D0

YN=1.0DO

XN=0.1D0o
THREE=3.0D0
ONE=1.0Do

TWO=2.0D0
FOUR=4.0Do

SIX=6.0D0
EIGHT=8.0Do
PI=FOUR*DATAN(ONE)

WRITE(6,101)

3

K1=(YN)**TWO
K2=(YN+(H/FOUR)*K1)**TWO
Ks=(YN+(H/FOUR)*(-K1+TWO*K2))**TWO
K4=(YN+(H/FOUR)*(K2+K3))* TWO
5=(YN+(H/TWO)*(-K1+K2-TWO*K3+FOUR*K4))** TWO
YN=YN+(H/SIX)*(K1+THREE*K2-THREE*K3+FOUR*K4+K5)
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TSOL=ONE/(ONE-XN)
ERROR=TSOL-YN
WRITE(6,100)XN, YN, TSOL,ERROR
XN=XN+H
IF(XN.LE.ONE) GOTO 38
100 FORMAT(D6.1,1X,3(3X,D19.13))
101 FORMAT(2X,'’XN",18X,'YN',16X,"TSOL',16X,'ERROR')
END
CPRO
C SECOND-ORDER CLASSICAL RUNGE-KUTTA METHOD
C OUR PROBLEM IS :Y'=-Y,Y(0)=
C THEORETICAL SOLUTION:Y(XN)=EXP(XN)
DOUBLE PRECISION XN, YN,H,ONE, TWO,FOUR,SIX,THREE
DOUBLE PRECISION TSOL,ERROR,K1,K2,K38,K4,K5
OPEN(6,FILE='RUNG2.0UT")
H=0.1Do
YN=1.0D0
XN=0.1Do
THREE=3.0D0
ONE=1.0D0
TWO=2.0Do
FOUR=4.0DO
SIX=6.0D0
EIGHT=8.0Do0
PI=FOUR*DATAN(ONE)
WRITE(6,101)
3 Ki=(YN)**TWO+ONE
K2=(YN+(H/FOUR)*K1)**TWO+ONE
K3=(YN+(H/FOUR)*(-K1+TWO*K2))** TWO+ONE
K4=(YN+(H/FOUR)*(K2+K3)**TWO+ONE
5=(YN+(H/TWO)*(-K1+K2-TWO*K3+FOUR*K4))**TWO+ONE
YN:YN+(H/SIX)*(K1+THREE*KQ-THREE*K3+FOUR*K4~+K5)
TSOL=TAN(XN+(PI/FOUR))
ERROR=TSOL-YN
WRITE (6,100)XN,YN, TSOL,ERROR
XN=XN-+H
IF (XN.LE.ONE) GOTO 3
100 FORMAT (D6.1,1X,3(8X,D19.13))
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101 FORMAT (2X,’XN",18X,'YN'",16X,"TSOL',16X,'ERROR')
END

MATLAB CODE FOR PLOTTING THE REGION OF ABSOLUTE STABILITY
Q = 0:0.001:2%pi

a = zeros (4,length(Q))

For k = 1: length(Q)

c=T[1/241/6 1/2 1 1-exp (i*Q(k))]

a (:,k)=roots(c)

b=roots(c)

End

Hold on

plot (a(1,:), 'ko’)
Plot (a(2,:), ko)
Plot (a(3,:), ko’)
plot (a(4,:), ‘ko’)
Hold oft
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Research shall not be responsible or answerable for any loss, damage or liability etc. caused in relation to/arising out of the use of the
content.

100
© 2015 Conscientia Beam. All Rights Reserved.




