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ABSTRACT
Classification of the p-subgroups of the finite group of order 12 was done using Cauchy’s Lagrange’s and Sylow’s Theorems up
to Isomorphism subgroups and related to the Dihedral group of order 20 (D-.) in Chemical Bonding.
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1. INTRODUCTION

In Mathematics, the Wreath Product of Group Theory is a specialized product of two groups, based on a semi-
direct product. Wreath product is an important tool in the classification of permutation groups and also provides a
way of constructing interesting examples of groups. The Wreath product of two groups A and B is written as A w;
B. This is the standard wreath product, for other definitions see [Arbib [17; Hunter [27; Kosheler [37] and
Nakajima [47]7]. The wreath product of A and B contains the direct product A X B as a sub-semi- group. If A has an
identity, then any ideal extension of A by B can be imbedded in A w, B [5]. The question of when A w; B inherits
various properties of A and B has been investigated mainly for various types of simplicity. Some examples are as
follows; If A and B are completely-simple semi-groups and A is left-simple, then A w; B is Completely-Simple [57].
If A and B are semi-groups, with Completely-Simple Kernels, thus A w, B has a Completely-Simple Kernel [37].

The Wreath product and its generalizations play an important role in the algebraic theory of automata. For
example, they can be used to prove the theorem on the decomposition of every finite Semi-group automation into a

step wise combination of flip-flope and Simple group automata [27].

2. MATERIALS AND METHODS

2.1 The main objective of this paper is to study under which conditions the wreath products of permutation
groups are faithful, transitive and primitive and present an example to support the findings.

2.2 Theorem and Definition: Let A and B be two permutation groups on I' and A respectively. Let A” be the set
of all maps of A into the permutation group, defined by A% =:{f:A— A}, forallf,,f, € A2 and let f,,f, €
A% be defined for § € Aby (f, f,)6 =
: f1 (61) f>(8,)with respect to multiplication, A® assume the structure of a group.

Proof:
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(2) A" is non-empty and is closed with respect to multiplication. For if f; , f, € A%, thenf; (6,)f>(8,) € A.
Since fl (61)f2(62) € A, thlS lmphes that(fl f2)6 €A and SO (fl fz) € AA
(i1) Multiplication in A is associative So also is the multiplication in A%,

(i7) The map {e: A—> A} given by € (§) = 1 for all § € A and 1 € Cis the identity element in A2,
(iv) For every element f € A% defined by all § €A by f~1(8) = f(6) L,thus A% is a group under
multiplication and we call it G.
Lemma 2.8: Suppose that B acts on G as follows
f2(8) = f(6b~Y)for all 5eA, beB,Then B acts on G as agroup.
Proof: Let f, fi, f» € G and b, by, b, € B, Then ((f?1)?2)(8) = (fP1)6b;*
= f(8b") for similarly, (6 by 'bi") = f(8(b1by)™") = f2172(8).
(fif Y@ =fif (667 =£(6b70f, (667 =£"(8)f"(6)
(fby )by )= (fify " b.b, ) € GB.Hence it is closed.
Next for [(fi by )(foubz N(fabs ) = (fife ™ 1bibz )(farbs )

= (fify EE bib, by = (hfy "URET bk, by)
or (fi, by N(fby Yfbs )= (fi, b )(fafs 2 ,bybs )
= (h(hfs "0 biby by) = (fify, UL biby by)

(f,b)(e,1) = (fe?™",b.1) = (f,b) or(e, 1)(f,b) = (ef %, 1.b)
= (f,b).Hence, B acts on G as a group.

From now on, we will not write a group as a map, rather we will use exponential notation. And note that
(t;b)=t> .

For example, the symmetric group on n letters acts naturally on the set {1,2,3,....... ,n}. For if n=6, we have
1(123) = 2 301235 = 5 gpd (126)(65)351) = 3,

Theorem 2.4: Let B act on G as a group. Thus the set of ordered pairs (f;b) with fe G and be B thus this
Showing that the identity element exists. And thus

(FDYFD2,b7) = (FUFHP)P T, b7 = (FUFDP 7, bb™) = (F(FDL1) = (e, 1)

Hence, the inverse also exists and thus B acts on the G as a group if the set of all ordered pairs (f,b) if we define

(f1, b1)(f2, by) = (flfzbl_l: b1b2)-

Definition 2.5: Let A and B be groups then the wreath of A by B denoted by W = Awr B is the semi-direct
product of G by B, so that W = {(f,b) \ feG,beB}, with multiplication in W defined as (fy, by)(f5,b,) =

((f1 £, (blbz)) for all f, f,€G and b;b, € B.

2.6 Orbits and Stabilisers: The two most important concepts in the theory of group actions are that of an orbit
and the stabiliser. An orbit can be thought of as what you get when you spin an element under the action of G
[John Bamberg]

Definition 2.7: Let B be a group acting on a set A , and let § under B is the subset of A defined §% :=
{6P:beB)}.
For example, the orbit of 1 under the subgroup (1 2 3),(2 3)(4 5) of S;,is{1, 2, 3}.
Definition 2.8: The stabiliser of any point (a,d) inT X A under the action of W on T' X A denoted by Wgs) is
given by Wg 5y = {fbeW \ (@, 8)fb = (a,8)} = {fbeW \ (af (8),6b) = (a,8)} = {fbeW \ a f(§) = a,6b = §}

= F(8)aBs
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Definition 2.9: For any two points (@,8;) and (a3, 8,) in T X A, then W will be transitive on I X A if and
only if fbeW, feG, beB such that (aq,8)fb = (a1 f(8,),6,b) = (a3, 8,). Thus such f, b exist if A and B are
transitive on I' and A respectively which is a necessary condition for W to be transitive on I' X A.

Definition 2.10: W is faithful on I' X A if and only if the identity element of W is its only element that fixes
every point of T' X A or W is faithful on I' X A, if A and B are faithful on I and A respectively.

Definition2.11: W is primitive on I' X A, if and only if given any (a,§) in I’ X A, W(g 5) the stabiliser of (a, &)
is a maximal subgroup of W. That s, if Wygs # W and Wi sAUgsA W implies  either
Wias) = U501 Ugs) = W.

Definition2.12: Let G be a group acting on (1, A block for G is a subset N € Q with |[N| > 1and N # Q but
that for all geG,N9NN = @ or N9 = N. In other words W is imprimitive if transitive and there are blocks.
Generally for (Z,,+) on{0,1,2,..,n—1},if k\ n and reZ then{ieQ:i = r mod k} is a block. Example, taking
n=6, then {ieQ:i = 2 mod 3} = {2,5} is a block.

Theorem 2.13: The centre of W written Z(w) is defined where k = {beB \ §b = b for all §eA}
by Z(w) = fb\ (fb)(f1,b1) = (f1,b1)(fb); for all f €G,b,eB}. For fbe Z(w)if and only If

FEE bby = fif2 byb for ll fL€G,DEB v vve v e oo (L1)
Proof:
Substituting by = 1, (1.1) becomes fflb_lb = fifob for all fi€G .. .o oot (1.2)
Putting f; = 1in (1.1) we get fbb, = fzbl_lblb fOr All Di€B ..o et s et e ee et e e et e (1.3)
Therefore, for fbe Z(w), then be Z(B).
Claim:
IfA# 1, fbe Z(w) and be Z(B),then 6b = 8 for all § € A ... . cov cev ves cee v et vt et e e e et e e e e e (114)

Choose f,€ G such that

i@ =c#1,a€Aand fi(6") =1,V 8" # 8 v vovver vt et et e e vt et vt et e e e e+ e (1L5)
And so, from (1.2) we have f;(8)f(8) = f(8)f1(6b) = f(5),if §b # & showing that f;(§) =1 is a contradiction
from equation (1.5). Thus b =46 for all § €A Hence our claim. But (1.2) also implies that for all

SeA, f1(8)f(8) = f(8)f1(6b) = f(6)f1(8). So f(8) € Z(A), forall § € A ... e v e v v vt v eee o (1.6)
But (1.8) implies that f;(5D1) = F(E) wv ver ver ver verververvenven e e e e sen e e e e e ven e e (17)
Since f is constant over orbits of B in A and from (1.4), (1.6) and (1.7) we conclude that for A # {1}, fb € Z(w) if
and only if
_(Z(B) ifA=1
Zw) = {(nZi)(Z(B) nk), otherwise

3. RESULTS AND DISCUSSION
Example: Let the permutation group §= {(1), (12 4),(1 4 2)} and 2= {(1), (5 6)} act on the sets I' = {1,2,4}
andA = {5,6} respectively. Also let G = A* = {f \ A— A}, then |P| = |A|"*l = 32 = 9. The mappings are as follows:
fir5->@@D), 6-()
f:5-(124), 6-(124)
f3:5 - (142), 6-(142)
fi:5- (1), 6—-(124)
fs:5 - (1), 6-(142)
fe:5 - (124), 6 - (1)
f7:5-(142), 6 - (1)
fe:5-(124), 6-(142)
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fo:5 - (142), 6-(124)

With respect to the operators (f1f,)(8) = f1(6)f,(8) it can be verified that G is a group for §eA. We define
the action of B on G as f?(8) = f(6b™1),V g € b € B, €A, then B acts on G as groups.

Define W = A wr B, the semi-direct product of G by B in that order; that W = {fb: f € G,b € B} so that W is
a group with respect to the operation (fib;)(fob,) = (f1f2b1_1)( b,b,) so that our b; = (1) and b, = (4 5). Thus
this will give the element of w as
(flbl)l (bel)! (f3b1)1 (ﬁlbl)! (bel)ﬁ (f6b1)1 (f7b1)l (fBbl)t (f9b1)l (fle)' (beZ)i (f3b2),
(fab2). (fsb2), (fsb2), (f7b2), (fgb2), (fob2) .
Next we define our W on TI'XA as shown below;(a,8)fb = (x f(§),6b). But also
I'x A={(1,5),(1,6),(2,5),(2,6),(4,5),(4,6)}.
And the following permutations by the action of Won I' X A
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(2,5)(2,6)(4,5)(4,6)(1,5)(1,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(4,5)(4,6)(1,5)(1,6)(2,5)(2,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(1,5)(2,6)(2,5)(4,6)(4,5)(1,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(1,5)(4,6)(2,5)(1,6)(4,5)(4,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(2,5)(1,6)(4,5)(2,6)(1,5)(4,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(4,5)(1,6)(1,5)(2,6)(2,5)(4,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)

¥ )
¥ )
-( )
( )
y )
y )
¥ )
(T'x A)fsh; = ((2,5)(4, 6)(4,5)(1, 6)(1.5)(2,6))
¥ )
¥ )
( )
( )
y )
¥ )
¥ )
¥ )

(I'x A)fib,
(I'x A)fyby
(I'x A)fsb,
(I'x A)fyby
(T'x A)fsby
(I'x A)fshy

(T'x A)fyby

(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(4,5)(2,6)(1,5)(4,6)(2,5)(1,6)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(1,6)(1,5)(2,6)(2,5)(4,6)(4,5)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(2,6)(2,5)(4,6)(4,5)(1,6)(1,5)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(4,6)(4,5)(1,6)(1,5)(2,6)(2,4)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(1,6)(2,5)(2,6)(4,5)(4,6)(1,5)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(1,6)(4,5)(2,6)(1,5)(4,6)(2,5)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(2,6)(1,5)(4,6)(2,5)(1,6)(4,5)
(1,5)(1,6)(2,5)(2,6)(4,5)(4,6)
(4,6)(1,5)(1,6)(2,5)(2,6)(4,5)

(T'x A)foby

(I'x A)fyb,

(T'x A)f2b,

(T'x A)fsb,

(T'x A)fub,

(T'x A)fsb,

(T'x A)feb,

(T'x A)fyb,
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(2,6)(4,5)(4,6)(1,5)(1,6)(2,5)
1,5)(1,6)(2,5)(2,6)(4,5)(4,6

(T A)fob, = (E4, 6352,53%1, 63%4, 5%%4, 6%1, 5;)

If we rename the symbols for convenience as (1,5)=1, (1,6) =2, (2,5)=3, (2,6) =4, (4,5) =
5, (4,6) =6. And so in cyclic form, we write these permutations as: (1) , (135)(246), (153)(264),
(246), (264), (135), (153), (135)(264), (153)(246), (12)(34)(56), (145236),
(163254), (123456), (165432), (125634), (143652), (14)(25)(36)

and (16)(23)(45)

(T x A)fyby = ((1' 5)(1,6)(2,5)(2,6)(4,5)(4, 6))

3. CONCLUSION
The research paper studied and presented the conditions in which the wreath products of permutation groups
prove to be faithful, transitive and primitive. An example was presented and used as an illustration to support the

findings.
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