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ABSTRACT
The (F/G)-expansion method is firstly proposed, where F=F (&) and G = G(C) satisfies a first order ordinary differential
equation systems (ODEs). We give the exact travelling wave solutions of the variant Boussinesq equations and the KdV

equation and by using (F/G)-expansion method. When some parameters of present method are taken as special values, results of
the (G' / G) -expansion method are also derived. Hence, (G' / G) -expansion method is sub method of the proposed method.

The travelling wave solutions are expressed by three types of functions, which are called the trigonometric functions, the rational
Sunctions, and the hyperbolic functions. The present method is direct, short, elementary and effective, and is used _for many other
nonlinear evolution equations.
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Contribution/ Originality
This study contributes in the existing literature of (G / G) -expansion method. We proposed the (F/G)-

expansion method and investigated the exact travelling wave solutions of the variant Boussinesq equations and the

KdV equation by using (F/G)-expansion method.

1. INTRODUCTION

The nonlinear phenomena are frequently encountered in all the fields, including either the scientific work or
engineering fields, such as fluid mechanics, optical fibers, plasma physics, solid state physics, biology, chemical
kinematics, chemical physics. To define these complex phenomena, many non-linear evolution equations (NLEESs)
are widely used. During the past four decades or so, the many researchers are interested to find powerful and
efficient methods for analytic solutions of nonlinear equations. Many powerful methods to obtain exact solutions of
nonlinear evolution equations have been constricted and developed such as the inverse scattering transform in 17,
the Backlund/Darboux transform in [2-47], the Hirota’s bilinear operators in [57, the truncated Painleve expansion
in [6], the tanh-function expansion and its various extension in [7-97, the Jacobi elliptic function expansion in [ 10,
117, the F-expansion in [12-15], the sub-ODE method in [16-197, the homogeneous balance method in [20-227,
the sine—cosine method in [23, 247 the rank analysis method in [257, the ansatz method in [26-287, the exp-
function expansion method in [297 and so on, but there is no unified method that can be used to deal with all types

of nonlinear evolution equations.
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Recently, Wang, et al. [307] introduced a new direct method called (G /G) -expansion method for the

NLEEs. The value of the (G’/G) -expansion method is that one can deal with nonlinear problems by essentially

linear methods. In the method, nonlinear evolution equations are transformed to the explicit linear differential

equations for traveling waves with a certain substitution which leads to a second-order differential equation with
constant coefficients. The (G’/G) -expansion method is widely used by many authors [31, 327. More recently,

this method has been generalized by Zhang, et al. [837; Zhang, et al. [34] to obtain non-traveling wave solutions
and coefficient function solutions. Later, Zhang, et al. [857] further extend the method to obtain solution of an
evolution equation with variable coefficients. Also, Zhong, et al. [367] designed an algorithm for using the method
to obtain solution of nonlinear differential-difference equations. Then, Yu-Bin and Chao [37] adapted the method

to get traveling wave solutions for Witham-Broer-kaup-Like equations.
In the present paper, we shall propose a new method, which is called the (F/G) -expansion method to obtain

travelling wave solutions of nonlinear evolution equations. In the method, nonlinear evolution equations are
transformed to the explicit linear differential equations for traveling waves with a certain substitution which leads

to a system of first-order differential equation with constant coefficients. The main idea of the given method is that

the travelling wave solution of a nonlinear evolution equation is expressed by a polynomial in (F/G) Where
F= F(é) and G = G(f) are solutions of a system of first order ODEs and gg =X—Cl. The degree of the

polynomial of the (F/G) can be decided by considering the homogeneous balance between the highest order

derivatives and nonlinear terms which is appearing in nonlinear evolution equation. The coefficients of the
polynomial can be obtained if system of algebraic equations which is obtained by using the proposed method can be

solved. It will be shown that more travelling wave solutions of many nonlinear evolution equations can be acquired

by using the (F/G) -expansion method.

In(F/G) -expansion method, it is considered that F= F(gg) and G = G(f) are satisfied system of first

order ODEs in the form

F'+aF +eG+bFG=0
G’ +cF +dG+bG?2 =0
fore =0. If we consider b= 0, c=-1, d=0 and e€#0 in the above a system of first order ODEs, this
method is transformed to the (G'/G) -expansion method. Hence, (G’/G) -expansion method is special form of
the present method.
In Section 2, we give an account of the (F/G) -expansion method for obtaining travelling wave solutions of

nonlinear evolution equations. The principal steps of the present method are given in here. In the subsequent
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sections, the proposed method is applied to the celebrated KdV equation and the variant Boussinesq equations. In

the last section, the features of the (F/G) -expansion method are briefly summarized.
2. DESCRIPTION OF THE (F / G) -EXPANSION METHOD

In this part, we describe the (F/G) -expansion method for obtaining travelling wave solutions of nonlinear

evolution equations. Suppose that

P(u, U, Uy, Ug, Uyy, ...) =0 (2.1)

is a nonlinear equation of U(X,t). Where U=U(X,1) is an unknown function, P is a polynomial of U= u(x,t)
and it's various partial derivatives with respect to x and # in which nonlinear terms and the highest order

derivatives are involved. Principal steps of the (F / G) -expansion method will be given as follows:

Step 1. Combining the independent variables x and Zinto one variable f =X—-Vt, we suppose that

u(x,t)=u(é), &=x-Vt, (2.2)

The travelling wave variable in (2.2) allows us reducing (2.1) to an ODE for « = (<)
P(u,—Wu', u,vau', =W, u",...)=0 (2.3)

Step 2. We consider that the solution of equation (2.3) can be taken by a polynomial in (F/G) as follows:

n
(&) = > am(F/O)™ (24
m=0
Where F = F(f) and G = G(é:) satisfy the following system of equation
F'+aF +bFG=0
(2.5)

G'+cF +dG+bG?2 =0

oo, A, ..., O, , b, C,d and V are constants to be determined later, on # 0 and, N is a positive integer,

which can be determined by considering the homogeneous balance between nonlinear terms and the highest order

derivatives appearing in Eq. (2.3).

Step 3. By replacing (2.4) into (2.3), using equation (2.5) and gathering all terms of the same order of (F/G)
together, the left-hand side of Eq. (2.3) is organized as polynomial of (F/G) If each coefticients of obtained

polynomial are equating to the zero, algebraic equations system for @, &, ... ,Qp, &, b, C,d and V' can be

obtained
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Step 4. The constants Q(), ¢, ... ;& and V can be obtained by solving the algebraic equations in Step 8. The

general solutions of the system of first order ODEs (2.5) have been well known for us depending on the sign of the

discriminant A = d2 +4acC. We have more travelling wave solutions of the nonlinear evolution equation (2.1) by

substituting 04, &2, ... ,Op, V and the general solutions of (2.5) into (2.4).

In the subsequent sections we will give examples such as celebrated KdV equation and the variant

Boussinesq equations for proposed method.

3. KDV EQUATION
In this part, we apply our proposed method to three celebrated KdV equation in the form

which arises in many physical problems such as ion-acoustic waves in plasma and surface water waves. The variable

of travelling wave given as:
u(x,t)=u(é), &=x-Vt (3.2)
Allows us transforming (8.1) into an ODE for U = U(g)
W' +uu'+a"=0.

If this equation is integrated with respect tof, equation given as:

C—Vu+%u2+af=0, (3.3)

can be acquired. Where C is integration constant which will be determined in the below.

Suppose that the solution of equation (8.3) can be given by a polynomial of (F/G) as follows:
n
m
u@) = D am(F/G) (3.4)
m=0
Where F = F((,Z) and G = G(g) satisfy a system of first order ODEs in the form
F'+aF +bFG=0

G +cF+dG+bG? =0

If we consider homogeneous balance between u” and U2 in (8.8), we can obtain 2Nn=N+2=nN=2. Hence we

can write (3.4) as

u(&) = a2(F/G)? + oy (F/G) + o (5.6)
And also
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U2(&) = a3 (F/G)* + 2000 (F/G)3 +(af +20000)(F/G)? + 240ty (F/G) + o (3.7)

By using (8.6) and (8.5), it is easily obtained that
u"(&) = 6c2ap (F/G)* + (10cdar, + 2¢204) (F/G)3+ ((4d? —8ac)ar, +3cdey ) (F/G)? (3.8)

+(—6aday +(d? —2ac)y ) (F/G) + 2a’a, —adey
If we substitute (3.6), (3.7) and (3.8) into (3.8) and all terms of same power of (F/G) are collected together,
the left-hand side of (3.8) is turned into polynomial in (F/G) If each coefficients of this polynomial are equated to

zero, we can obtain a algebraic equations system of @, 0,2, @, b, C, d, V and C as follows:

2
(F/G)°: 23250 —adsy +“70 Vo +C =0
(F/G)L: —6adsa, +(d°5—2acs -V )ag + g =0
2 2 0!2
(F/G)-: (4d°5—8acs -V)ay +3cd5q+71 +apap =0
(F/G)3: 2c2501 +10cdSan +apey =0
4 052 2
(F/G)*: 72+6c Sop =0
Solving the above system, we can get the following set of solutions.
o =—126%5, o =-12cd5, V =d’5-8acs+ay (3.9)

2
C= a70 +(d 2 —8ac)dop + 24a°c252 —12acd?s52

Where Q(, 4, C, d and & are arbitrary constants.
If we substitute the general solutions of ordinary differential equation system of (3.5),

g =X- (d 25—8&054— Olo)t and coefficients (3.9) into (8.6), we can get three types of travelling wave solutions

of the KdV equation (3.1) as follows:

When 4ac+d 2 >0, F/G is acquired as
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Vd?+4ac \/d2+4ac§J
2 2

Za{chosh &+ Kysinh

FIG=

2 2
(Kld _szjCOSth'F(sz —KlJM)sinhmg

2

If it is regulated, it can be shown as

F/IG=

2a
d —tanh[ “ 4ac+d22 (§_Q)]\/4ac+d2

Hence, solution of the KdV equation (8.1) is acquired as follows:

2

2a

d —tanh[ ~4ac+d22 ("g_cl)}/4ac+d2

W)= —12c25]

—12cdJ|

+ap

2a
d —tanh[ ~4ac+d22 (écl)}/4ac+d2

Where f =X— (d 25—8&C5+ ao)t and C_I_(or Kl and K2) is arbitrary constant.

When 4ac + dz =0, F/G is acquired as

oo 2a(KoE—Ky)  _ 2a(¢+Cy)
d(KpE+Kp)—2K;  d(E+Cp) -2

Hence, solution of the KdV equation (8.1) is acquired as follows:

2
_ 10024 2a(E+Cy) ) 2a(&+Cy)
U (&) =—-12c 5(—d(§+01)—2J 12cd5(d(§+cl)_2j+ao

where & =X— (d 25—83.C5+ ao)t and C}_L(or K1 and K9) is arbitrary constant.

When 4ac+d2 <0, F /G is obtained as

V-d? —4ac \/—d2—4ac§J
2 2

2a£K1 cos &+ Kjsin

FIG=

_d2_ —d2_
(Kld - KZ\/—d2 —4ac )cos\/d24aC§+[K2d + K1\/—d2 —4ac jsin\/dzllacg

If it is regulated, it can be shown as
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FIG=

d +tan

2a
—(4ac+d?)(é-
J-ac+d?)E-C) | 0oz
2
Hence, solution of the KdV equation (8.1) is acquired as follows:

ug(&) = —12c?

2a
/ 2
d+tan[ —(4ac+c21 )(5_01)}/—(4ac+d2)

—12cdd]

+ap

2a
d +tan£ “_(4ac+22)(5_01)}/—(4ac+d2)
Where & =X— (d 25—88C5+ 0{0)t and Cq (or Kq and K9) is arbitrary constant.

4. VARIANT BOUSSINESQ EQUATIONS

In this part, our proposed method have been applied to the variant Boussinesq equations given in the form

(4.1)

This is a model for water waves. Where U =U(X,1) represents the velocity and H =H (X,t) represents

total depth. The variable of travelling wave given as:
H(x,t)=H(), u(x,t)=u(s), &=x-Vt (4.2)
allows us transforming (4.1) into ODEs for U=U(&) and H = H(&) as follows:
~VH'+(Hu) +u" =0
-Vu'+H'+uu"=0
If we integrate the ODEs above with respect to f, we can get equation given as:

Ci-VH+Hu+u"=0

u2 (4.3)
Cy, —Vu+H +7 =0

Where C’_I_ and C2 are integration constants whose values will be determined in the below.
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If we consider homogeneous balance between u” and HU in first equation of (4.3) and also between H and
U2 in second equation of (4.3), we obtain
M+Np=M+2, 2np=m=>m=2,mp=1
Similar to (8.4), we conjecture that

H(&) = a2 (F/G)? +an(F/G) + g (4.4)
u@) =+A(F/G)+ A (4.5)

Where F = F(gg) and G ZG@:) satisfy (8.5) and @2, ¢, ), ﬂl and ﬂo are constants whose values will

be determined in the below.

By using (4.4), (4.5) and (3.5), it is easily to get that

Hu = a3 (F1G)> + (1B + o0 B0)(F1G)? + (i + e o) (F 1G) + g By (4.6)
U" =26c%(F1G)® +3Bcd(F/G)? +(Bd?% - Rac)(F/G) - Bad (4.7)
2 _ 2 2 2
uc =g (FIG)*+254(F/G)+ £ (4.8)
If we substitute (4.6), (4.7) and (4.8) into (4.3) and all terms of same power of (F/G) are collected together,

the left-hand side of (3.8) is turned into polynomial in (F/G) . I each coefficients of this polynomial are equated to

zero, we can obtain an algebraic equations system of (g, 04,02, ﬂl’ ﬁo, d, b, C, d V, C’.I. and C2 as follows:

(F/G)O : apfo—pad —Vog+C =0
(FIGY: Ve +apf+ofo+-2ac+Fd? =0
(F/G)?:  —Vap+3cdB +mfB+ayfly =0

(F/G)3:  26°B+apf =0
2
F/GP°:  Ch-Vi +%+ao ~0
(FIG):  ar+fpA-VA=0

(F/IG?: +ﬂl72 =0
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Solving the above system, the following set of solutions can be acquired.

2

ay =—2c°, oq=-2cd, og=2ac,

B =F2c, V=L+xd (4.9)
5
C =0, G ZTiﬂod —2ac
Where ﬂo, a, C and d are arbitrary constants.

If we substitute the general solutions of ordinary differential equation system of (3.5), coefficients in equation

(49) and 5 =X- (ﬂo t+ d)t into (4.4) and (4.5), we can get three types of travelling wave solutions of the variant

Boussinesq equations (4.1) as follows:

When 4ac+d 2 > 0, solutions of variant Boussinesq equations are acquired as

2
2a
Hy(&) = —2¢?
/ 2

d— tanh( 4ac+ d2 (6 —Ka) ]\/ 4ac+d?2

2a
—2cd +2ac
/ 2
d —tanh[ 4ac+ d2 (€ —Ka) ]\/ dac+d?
u (&) =+2¢ + fo

2a
/ 2
d —tanh[ 4ac+d2 (- Kl)J\/4ac+d2

Where é =X- (,80 t d)t and Kj is arbitrary constant.

When 4ac+d 2 - 0, solutions of variant Boussinesq equations are acquired as

2
_ o2l 2a(E+Kq) | 2a(¢+Kyq)
Ho (&) =-2c (—d 1K) —Zj ch£—d 1K) _2j+ 2ac

_ o 2a(E+Kyq)
Up (&) = +2C(d(<§+—K1)—2J + o

Where é: =X- (,30 + d)t and K]_ is arbitrary constant.
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When 4ac+d 2 <0, solutions of variant Boussinesq equations are acquired as

2

H3(&) = —2¢?

2a
d +tan[ v —(4ac+c;2)(§— Kl)]x/—(4ac+d2)

—2cd + 2ac

2a
d +tan[ v —(4ac+c;2)(§— Kl)]x/—(4ac+d2)

uz(&) = F2cd

+ /o

2a
/ 2
d +tan —(4ac+(; ) (e —Ka) \J—(4ac+d?)

Where 45 =X- (,30 + d)t and Kj is arbitrary constant.

5. CONCLUSIONS
In this study, the (F /G) -expansion method is firstly proposed. We have shown that three types of travelling
solutions of the variant Boussinesq equations and the KdV equation are successfully found out by using the

(F /G) -expansion method. When some of the parameters of present method are taken as special values, results of
the (G'/G) -expansion method is also obtained automatically. Hence (G'/G) -expansion method is sub method of

the (F /G) -expansion method. Applications of this method are very easy, direct, concise, elementary and effective.

The present method can be applied further works to establish completely new solutions for other kinds of nonlinear
wave equations for instance the Burgers equation 887 the KdV— Burgers equation (217 the Boussinesq equation
[17] the Gardner equation [397] the Sharma—Tasso—Olver equation [407] the generalized KPP equation [417] the

approximate long water wave equations [227] and the Broer—Kaup equations [427 and so on.
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