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In this article, integrability, center, and monotonicity of associated period function for  -
quasi-homogeneous vector fields are investigated. We are concerned with family of 
vector field given by sum, finite or infinite number of quasi-homogeneous polynomials 
not necessarily to be sharing the same weights. The investigation is done by utilizing 
method of computing focal values. As an application of the result, a particular family of 
(p, q)-quasi-homogeneous vector field is studied to find conditions for center, 
monotonicity and consequently an explicit form for the associated period function. 
 

1. INTRODUCTION 

The quasi-homogeneous (and in general nonhomogeneous) polynomial function is defined as follows, 

Definition 1. Let nqp ,,  be positive integers. The polynomial ),(),(, yxP qpn  is called a ),( qp -quasi-homogeneous 

polynomial of weight degree n  if  

),(),( ),(,),(, yxPyxP qpn
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qpn    

     for all real number λ. 

     Notice that ),(),(, yxP qpn  can be written as, 
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    A planar polynomial vector field of the form 
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(),( yxX ),(),(, yxP qpn
, ),(),(, yxQ qpn ) 

where ),(),(, yxP qpn
, ),(),(, yxQ qpn  are ),( qp -quasi-homogeneous polynomials of weight degree n, is called 

(p,q)-quasi-homogeneous of quasi-degree n vector field. Notice that homogeneous vector fields of degree n are 

quasi-homogeneous of quasi-degree n and weight (1, 1). 

The quasi-homogeneous polynomial differential systems have been studied from many different point of view, 

one of these studies is the Centre, see for instance [1]; [2]; [3]; [4]. But up to now there was not an algorithm for 

constructing all the quasi-homogeneous polynomial differential systems for a given degree. In this paper we are 

concerned with (p,q)-quasi-homogeneous vector field having a degenerate critical point, at the origin given by sum 

of quasi-homogeneous polynomials. We study the integrability, center conditions, and the monotonicity of 

associated period function and moreover give a closed form for the period function of (p,q)-quasi-homogeneous 

vector fields of particular case. 

A critical point is called a Centre if it has a punctured neighborhood full of periodic orbits. The largest of such 

neighborhood is called the period annulus of the Centre. If the eigenvalues of the linear part of X at the Centre are 

not purely imaginary, then the Centre is called degenerate. This is our case since n ≻1. In the period annulus of a 

center the so-called period function T(x) gives the least period of the periodic solution passing through the point 

with coordinates (x,0)=(r,0) inside the period annulus of the Centre. If all periodic solutions inside the period 

annulus of the Centre have the same period it is said that the Centre is isochronous. For more details on 

characterization of isochronocity see [5] and references therein. For a Centre that is not isochronous, any value 

r≻0 for which 0
)(


dr

rdT
 is called a critical period. When a critical point is degenerate, its Centre problem has 

also been investigated by many authors, see for example [6]; [7] and references therein. Recall that a critical point 

is called monodromic if there are no orbits tending or leaving the point with a certain direction. For analytic vector 

fields, monodromic points are either Centre or focus, and the problem of distinguishing between both options is 

called the Centre -focus problem. In order to have a Centre at the origin we only need to guarantee that the origin 

is monodormic and moreover, that some definite integral, that can be obtained from the expression in quasi-

homogeneous polar coordinates, is zero. 

We write the vector field associated with the differential system (1.1) as X(x, y). We give conditions on the 

parameters of the system in order to get integrable system and to study its period function on the period annulus of 

the origin when we assume that the differential equation associated to X has a degenerate Centre at this point. 

In this article, we are interested in characterizing integrability and monotonicity of period function of 

degenerate Centre for certain classes of planar polynomial differential system given by sum, finite or infinite 

number, of quasi-homogeneous polynomials of the form 
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                                         (1.1) 

and the quasi-homogeneous polynomials ),(),(, yxP qpn , ),(),(, yxQ qpm , and ),(),(, yxR qplii
 are not necessarily to 

be sharing same weight degree. In the literature the authors investigated classes of quasi-homogeneous polynomial 

systems with a given weight degree sharing all the parts of the system, see for instance [8] and references therein. 

Our result extends the homogeneous case as a particular case. 
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2. MAIN RESULTS 

We consider a class of differential system given in 1.1, to study the integrability by giving an explicit from for 

its first integral and then investigate conditions for Centre for some subclass and monotonicity of the associated 

period function. For sufficiently small h≻0, the solution of system 1.1 which satisfy initial condition  

0,
00


 t

p

t
yhx  goes around the origin at the neighborhood of  qp yx

22
2

r , then phase curves in the 

neighborhood of origin of system 1.1 can be studied by the following polar transformation 
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where p, q are positive odd integers ≥1. Choosing odd is to allow x and y take negative values. Imposing these 

parameters p, q gives one possibility of maneuver in choosing desired form for desired purpose. The following 

Theorem is the first result. 

Theorem  1.  The function 

H(x,y)=(  
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where ,ii la   ,,...,1 Ni  is first integral for system1.1.    

Proof.  The system 1.1, by making use of the generalized polar coordinates 2.1, is transformed to 
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Then for   where 0)( g  we get 
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(2.4) 

where  
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Equation 2.4 is Bernoulli differential equation and it is transformed to a linear one by making use of classical 

transformation 

                                                          
apnr                                                         (2.6) 

whose solution given by 
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Therefore the expression given in (2.2) is a first integral for the system 1.1. This completes the proof. 

Theorem  2.  For system 1.1, if 

0]
)(

)(
[  du

ug

uf
Exp



 

for θ∈[0,2π], then the critical point is monodromic. 

Proof.  From the proof of the Theorem 1, because g(θ)≠0 for θ∈[0,2π], the solution of system 2.4 satisfying the 

initial condition 
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For sufficiently small h is a power series of h with non-zero radius of convergence when |θ|≺4π. 
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For a-n+p≻0, equating the corresponding coefficients gives 
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So the critical point of system 1.1 is monodromic if υ₁ (θ) does not vanish in [0,2π]. Means the origin of system 

1.1 is either focus or Centre. This completes the proof. 

Moreover, the Poincare' successive function in the neighborhood of the origin (regarding that υ₁(0) = υ₁(2π) = 

1) is given by 

 

 Δ( h )  = r~  ( 2π ; h) - r~  ( 0 ; h) 
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Theorem 3.  For the system 1.1 with n – p – a ≠ 0, if the expression 
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does not vanish, bounded and periodic on [0,2π], then the solution of system 1.1 which satisfies initial condition 2.8  is closed 

orbit surrounding the origin. 

Proof.  It is easy to say that the function 
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is the unique solution of the equation 2.4 satisfying the initial condition 2.8,  where h is positive real number. 

From the assumptions on the expression 2.10 we conclude that r (θ) is not vanishing, bounded and periodic on 

[0,2π]. Hence the solution is closed orbit surrounding the origin. 

Applying Theorem 1 with assumption n = a + p we can study the Centre and the associated period function of 

the following system 
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where  ,ii la    for  .,...,2,1 Ni   

Theorem 4.  For system 2.12 , 

A) If, for the convergent improper integral 
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then the system has Centre at the origin. 

B) If the system has Centre at the origin under the above condition A), then its associated period function is monotonic 

decreasing. Moreover it can be written as 

ahThT )0,(  

for  h ∈ R⁺, and some nonzero constant T. 

Proof.   Using the generalized polar coordinates 2.1 we can write system 2.12 as 

      
1)]()([ 



 arhfr   
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where f, g, and h are given in 2.5.   

It is clear that g(θ) ≠ 0 for all θ∈[0,2π], then the critical point of the system is monodromic. And then the system 

2.13 can be written as 
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    The solution of this differential equation is given by 
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where r₀ = r ( 0 , r₀ ) is the initial condition at θ=0 and r₀≻0. 

The Centre condition is r ( 0 ; r₀ ) = r ( 0 ; r₀ ), which implies 
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This completes the proof of A). 

If we let )(
~

0rT  denote the period of the orbit passing through the point )0,( 0

p
r  with the generalized polar 

coordinates 2.1 regarding the second equation of 2.13 we obtain 
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From equation 2.15 we get 
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  is nonzero constant, h ∈ R⁺. This completes the proof of B). 
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