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This paper investigates the effect of health and health risk on households’ optimal 
consumption and portfolio allocations over the life cycle. The simulation results show 
that consumption, savings in bonds, and savings in stocks all increase in health. 
Compared with poor health households, the healthy households consume 49% higher, 
invest 27% and 39% more in bonds and in stocks, respectively. The risky portfolio 
share, which is the ratio of stocks to the total financial assets is positively related with 
health for most of the lifetime.  Regarding the age profile, it demonstrates the same 
tendency for both health levels: at the very young age, the risky portfolio share is 
relatively high. Starting from the middle age, this share falls significantly and keeps 
steady until the end of life. These results emphasize the importance of health and its 
associated risk in consumption and portfolio decisions.  With all other things equal, 
households’ consumption and investment behaviors are heterogenous across health. It 
also provides significant policy applications: by promoting health and reducing health 
risk, it would largely improve households’ well-being: higher consumption, and more 
savings in financial assets. 
 

Contribution/Originality: This study is one of very few studies which incorporate health and its associated 

risk into households’ consumption and financial decisions. This paper contributes to a new and growing finance-

health literature and finds significant impacts of health and health risk on households’ optimal consumption 

and portfolio allocations. 

 

1. INTRODUCTION 

How do people allocate their consumption and financial assets in their lifetime? Are health and its 

associated risk important determinants to be taken into account when making these decisions? If so, to what 

extent do health variables have effects on consumption and portfolio decisions? This paper aims to answer 

these questions in a life cycle framework. Better understanding these questions is useful to analyze and forecast 

households’ life profile          behavior and provide important policy implications. 

The modern idea of investigating households’ consumption and saving decisions was  originally 

introduced by John Maynard Keynes in his most famous work “The General Theory of Employment, Interest 

and Money” in 1936. Since then, there has been a significant development in the literature examining how labor 

income and labor income risk affect households’ optimal consumption, saving and portfolio decisions. Of 

course, labor income risk is an important factor to be considered when the consumption and portfolio decision 
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are made. However, it is not the only substantial risk that people face in their lives. Health and health risk also 

have crucial influences on households’ utility, welfare and financial allocations. This idea has been widely 

accepted by economists since (Grossman, 1972) the seminal work in the field of health economics. Even 

though labor income and labor income risk in explaining the consumption and portfolio allocation have 

received a lot of attention, there is very limited theoretical work on households’ life cycle consumption and 

portfolio choices when they face uncertainty from income and from health. This motivates me to visit the 

topic and to further investigate to fill this gap. 

I develop a quantitative life cycle model and solve numerically for a finite lived representative household’s 

optimal consumption and financial allocations with income uncertainty and health risk. The model assumes 

that a household enters the model with an initial financial wealth endowment and initial health state. Every 

period, it faces income shock and health shock. After these shocks are realized, the household chooses 

consumption, savings in  risk free bonds and savings in risky stocks to maximize its expected lifetime utility. I 

solve this life cycle model by using backward induction and a grid search method, a widely used methodology 

to solve finite horizon models. 

I find that consumption,  savings in bonds and savings in stocks all increase in health. The risky portfolio 

shares, which is the ratio of saving in stocks to the total financial assets, is positively related with health for 

most of the life cycle. Regarding the portfolio choice over time, it shows the same shape across health during 

the life cycle: at the very young ages, the risky portfolio share is high. Starting from middle age, this share 

falls significantly and steadily until the end of life. These results emphasize the importance of health and 

health risk in consumption and portfolio decisions. All other things equal, households’ consumption and 

investment behaviors are heterogenous across health. 

This paper contributes to a new and growing finance-health literature with several highlights. First, the 

model introduces two mechanisms of how health impacts household’s consumption decision. In this model, 

health directly enters the household’s utility and therefore affects the marginal utility of consumption. Health 

and consumption are considered as substitutes in the sense that the marginal utility of consumption is higher 

when health is poor. For example, the marginal consumption of physical therapy is high for an injured person. 

I call it the “substitute effect”. Another mechanism is that health influences consumption through productivity 

and budget constraint.  Poor health limits the household’s productivity and results  in a decline of labor income 

in the working stage, and lowering retirement income as well. This is the “income effect”. Unlike most related 

literature in which the labor income process  excludes health variables, this model captures the effect of health 

on the household’s labor income process. The labor income process in this model is defined as a function of age, 

health status and productivity shock. The retirement income is defined as a fixed fraction of the last 

working year’s income. Therefore, it also depends on the household’s health status. In addition, this paper 

extends the existing finance-health literature—which mainly focuses on retirees’ decisions—by incorporating 

working-stage decisions. These two mechanisms—the “substitute effect” and “income effect”—work 

oppositely and alter the household’s optimal consumption decision. 

Second, health risk, which could be considered as a “background risk”, generate fluctuations in utility and 

in productivity. This influences the household’s attitude towards risky assets. First, because in this model 

health status directly enters household’s preference, a health shock that causes health volatility also increases 

the degree of fluctuation in utility. Thus, a typical risk averse household will choose to save more in risk-free 

assets. Second, health risk causes volatility in household’s income, which could amplify income and budget 

uncertainty. With the combination of health risk and income risk, the household would optimally re-allocate 

his financial assets. 
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2. LITERATURE REVIEW 

A large body of modern literature in the field of households’ optimal consumption, saving and portfolio 

choices can be traced back to as early as 1936. In John Maynard Keynes’ most famous book “The General 

Theory of Employment, Interest and Money”, he first developed the concept of households’ consumption and 

saving decisions in a formal economics way. In   modern macroeconomics, the life cycle model is a standard 

method to investigate intertemporal decisions of consumption, saving and portfolio allocation, taking multi-

dimension risks into account. This approach has a history back to 1928 with the infinite horizon model of 

Ramsey and the finite horizon model of Fisher in 1930. 

After the development in the 1950s—Friedman (1957) with the infinite horizon model Modigliani and 

Brumberg (1954) with the finite horizon model—Hall made the next notable contribution in developing life 

cycle models in 1978. Hall employed a finite horizon life cycle model with income risk and used the Euler 

equation to solve for the optimal consumption problem. Theoretically, the Euler equation method seems 

feasible.  “In practice, however, this approach does not work unless the number of periods is relatively 

small.” Niku (2014) the reason lies in that when the number of periods raises, the number of shocks, 

unidentified variables and equations all increase exponentially that it is impossible to solve the problem with 

hand. Fortunately these multi-period problems with uncertainty can be overcome by describing the 

household’s problem with recursive Bellman equations and be solved as dynamic programming. In 1989, Zeldes 

first used the computer technology to solve consumption and saving problem in a life cycle model with labor 

income risk for 15 periods. After that, there have been prominent developments of dynamic programming in 

macroeconomics field, and a large body of literature uses backward induction and numerical method to study 

households’ consumption, saving and portfolio choices in the working stage when they face labor income risk. 

The most influential literature of consumption and saving models with income risk includes Deaton (1991); 

Hubbard, Skinner, and Zeldes (1994) and Carroll (1997). Several papers extend to study the effects of labor 

income risk on portfolio allocation during the working phase. “ Heaton and Lucas (1997); Koo (1998) and Viceira 

(2001) consider infinite-horizon models of portfolio choice with uninsurable labor income risk.” Cocco, Gomes, 

and Maenhout (2005). 

However, these infinite horizon models are less realistic and less suitable to explore decisions of 

household’s life profile with finite horizon. Bertaut and Haliassos (1997); Davis and Willen (2013) adopt finite 

horizon models to evaluate the portfolio decision. Cocco et al. (2005) develops a life cycle model of 

consumption and portfolio choice with labor income risk and investigates the   effect of this income risk on a 

representative household’s financial investment behavior. 

Meanwhile, the idea that health is an essential type of human capital with significant effect for a 

household’s utility, welfare and social economics status has been widely accepted by economists. Some papers in 

the 1960’s have suggest that health can be considered as one form of human capital (Becker, 1964; Mushkin, 

1962). Grossman (1972) develops a model of the demand for health, which is considered as a benchmark 

work in health economics. Since then, a branch of literature explores households’ consumption, saving and 

portfolio decisions in the life cycle model with health related variables. However, in this field, most of the 

studies focus on the retirees’ problems. Some papers analyze the effect of a retiree’s health expenditures on 

savings focusing on the very old age households. However, they don’t investigate optimal portfolio allocation 

(De Nardi, French, & Jones, 2010; Kopecky & Koreshkova, 2014). Some literature studies financial assets 

allocation between stocks, bonds and annuity with exogenous medical spending for the elderly (Koijen, Van 

Nieuwerburgh, & Yogo, 2016; Pang & Warshawsky, 2010). Yogo (2016) analyzes retirees’ financial portfolio 

decisions with health risk, financial risk and housing price risk, but he also excludes the working stage. 

Besides structural models, there are also some empirical studies examining the effects of health status 

and medical expenditures on savings and portfolio choices. Rosen and Wu (2004) indicates that health is a 
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significant factor when a household makes financial decisions by using the Health and Retirement Study. 

Edwards (2008) shows the effect of risky health on explaining households’ decreasing risky portfolio share 

after they get retired. Inkmann, Lopes, and Michaelides (2011) uses UK data to study the empirical causes of 

annuity demand with exogenous health expenditures.  

 

3. FULL MODEL 

This section describes the life cycle model of consumption and portfolio choice with health risk. The basic 

framework can be summarized as follows: a household enters the model with an initial endowment of 

financial wealth and health capital. In each period, it receives income, gross return of its financial assets and 

faces health risk and income uncertainty. After these risks realize, the household chooses consumption and 

allocates its financial wealth between risk free bonds and risky stocks in every period to maximize its expected 

lifetime utility. 

 

3.1. Time 

Time is discrete and each period refers to one year. A household enters the model when it is 25 years old. 

Its age is denoted as t. For example, t = 6 indicates the household is 30 years old. Following the convention in 

the literature, the maximum of the life period is denoted as T = 60, which means the household’s maximum 

age is 84 years old.  The household enters its retirement at age K. K is exogenous and deterministic, i.e. K 

= 40 which implies the household retires at age 64 with certainty. 

 

3.2. Income 

The household works for the first K − 1 periods of its life and receives labor income. After that, the 

household enters its retirement (from K to T ), in which it has retirement income. 

 

3.2.1. Labor Income Process in Working Phase 

Before retirement, at age t, a household receives labor income Yt (t < K), which is exogenously given by 

Yt = f (t, Ht, Zt) (1) 

Equation 1 determines the household’s labor income in the working periods, which depends on its age t, health 

status Ht and productivity Zt,. The productivity process Zt follows AR(1) process: 

Zt = ρZt−1 + µt                                                                       (2) 

In Equation 2, ρ ∈ (0, 1) is the coefficient of productivity persistence, and µt is an i.i.d normally distributed 

random variable with mean zero and variance σ2. The current period productivity Zt depends on the 

previous productivity Zt−1 and a random shock µt. Then by using Tauchen method, this AR(1) continuous 

process is approximated through a discrete Markov-Chain which will mimic closely the underlying process. 

For simplicity, productivity Zt is discretized as two states, state i  and state j  (i.e.  Zt  = i  means productivity 

is high and Zt = j means productivity is low) with a corresponding 2 by 2 transition matrix πZ. I denote 

the (i, j)th element of transition matrix by: 

πZi,j = Pr(Zt+1 = j/Zt = i) (3) 

Equation 3 means, if in the period t, productivity Zt is state i, then in the next period t + 1, the probability 

of productivity Zt+1  becoming state j  is the (i, j)th element of transition matrix πZ. 

 

3.2.2. Income in Retirement Phase 

When the household enters retirement, its income Yt in period t (K ≤ t ≤ T ) is defined as a fixed 

fraction λ ∈ (0, 1) of the last working year’s income YK−1 and its current health status Ht, which is given by: 

Yt = g(λYK−1, Ht)                                                                            (4) 
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Equation 4 shows the household’s retirement income. 

 

3.3. Health and Health Risk 

A household enters the model with an initial health state Ht, whose dynamic follows AR (1) Process: 

Ht = φHt−1 + Et                                              (5) 

In Equation 5, φ ∈ (0, 1) is the coefficient of health persistence.  Et is an i.i.d normally distributed random 

variable with mean zero and variance σ2. The current period health Ht depends on  the  previous  health  

Ht−1  and  a  random  shock  Et.   Similar  to  productivity  Zt,  by  using Tauchen method, this continuous process 

is approximated through a discrete finite-state Markov-Chain.  For simplicity, health Ht is discretized as two 

states, state i and state j (i.e. Ht = i means health is good and Ht = j means health is poor) with a 

corresponding 2 by 2 transition matrix πH. The (i, j)th element of transition matrix is defined as: 

πHi,j  = Pr(Ht+1 = j/Ht = i) (6) 

Equation 6 indicates that, if in period t, health Ht is state i, then in the next period t + 1, the probability 

that health Ht+1 is equal to state j is the (i, j)th element of transition matrix πH. 

In each period, after the health state Ht is realized, it directly enters the household’s utility function 

and also the income process. 

 

3.4. Budget Constraints 

Every period, the household receives income and gross return on its financial assets, and then decides how 

much to consume and how much to allocate in financial savings. For clarity, I name the state variables of 

financial wealth that the household holds as “asset in bonds Abt” and “asset in stocks Ast”. I denote the 

control variables of financial wealth that the household chooses as “savings in bonds Abt+1” and “savings 

in stocks Ast+1”. The budget constraint is  

Ct + Abt+1 + Ast+1 = AbtRbt + AstRst + Yt           (7) 

In Equation 7, the left hand side is the sum of consumption Ct in period t, savings in bonds and savings in 

stocks in the next period t + 1. The right hand side of Equation (7) is the household’s cash on hand which 

could be used for consumption and savings. It is the sum of income Yt in period t and the gross return of its 

financial assets holding i.e. (AbtRbt + AstRst). Rbt is the gross rate of return for bonds and AbtRbt is the gross 

return from bonds.  Rst  is the gross rate of return for stocks, and AstRst is the gross return from stocks. 

Financial assets and consumption are assumed to be non-negative in every period. There is no borrowing 

in this model. 

0 ≤ Abt, Ast, Ct, ∀t                                                          (8) 

       Equation 8 illustrates the non-negative assumptions for financial assets (Abt, Ast) and consumption Ct . 

 

3.4.1. Return for Bonds 

        Rbt = R̄b  denotes a constant gross rate of return for bonds.  The bond return is calibrated to R̄b  = 1.025 

annually, following (Yogo, 2016). 

 

3.4.2. Return for Stocks 

In this model, the gross rate of return for stocks Ast follows AR (1) process which is discretized as a 

Markov-Chain by using Tauchen method. For simplicity, stock return is discretized as two states, state i 

and state j (i.e. Rst  = i means stock return is high and Rst = j means stock return is low) and with a 

corresponding 2 by 2 transition matrix πRs. The (i, j)th element of transition matrix is denoted as: 

πRsi,j  = Pr(Rst+1 = j/Rst = i)                                 (9) 



The Economics and Finance Letters, 2021, 8(2): 266-276 

 

 
271 

© 2021 Conscientia Beam. All Rights Reserved. 

Equation 9 suggests, if at time t, stock return Rst is state i, then in the next period t + 1, the probability of 

stock return Rst+1 becoming state j is the (i, j)th element of transition matrix πRs. 

 

3.5. Utility Function 

The utility function is one of the essential factors to study consumption and portfolio behavior. Many 

utility functions in the life cycle literature are “Constant Relative Risk Aversion” (CRRA) functions with 

a single good (i.e. consumption). The utility function in this model also follows a CRRA form, but incorporates 

two parts: consumption and health. This setup highlights the important value of health in examining optimal 

consumption and portfolio choices. Both consumption and health enter the utility function directly with 

different weights. The function is given by: 

                              (10) 

Equation 10 is the household’s in-period utility function, where α ∈ (0, 1) is the utility weight on health. (1 − α) 

is the utility weight on consumption. σ > 1  is the coefficient of risk averse. 

In addition, this utility function implies health and consumption are substitutes in the sense that the 

marginal utility of consumption decreases in health. 

                                 ∆Ut/∆Ct = (1 − α)((1 − α)Ct + αHt)−σ (11) 

Equation 11 implies the marginal utility of consumption depends on both consumption Ct and health Ht. 

For a given consumption level, if the state of health is poor, the marginal utility of consumption is relatively 

high.  For example, the marginal utility of a physical spa or massage is higher for households with poor 

health than for those with good health. 

 

3.6. Household’s Problem 

Formally, at age t, a household is characterized by five state variables (Ht, Abt, Ast, Yt, Rst):         health status, asset 

in bonds, asset in stocks, income and gross rate of return for stocks. The household’s problem could be 

written recursively as Bellman Equation: 

V (Ht, Abt, Ast, Yt, Rst) =max {U (Ct, Ht) + βEV (Ht+1, Abt+1, Ast+1, Yt+1, Rst+1) } (12) 

                                                           (Ct, Abt+1, Ast+1) 

 

subject to  

Ct = AbtRbt + AstRst + Yt − Abt+1 − Ast+1 (13) 

Ht = φHt−1 + Et  (14) 

0 ≤ Abt, Ast, Ct, ∀t     (15) 

Parameter β ∈ (0, 1) is the subjective discount factor. E is the expectation operator. 

In period t, the household of state (Ht, Abt, Ast, Yt, Rst) chooses consumption Ct, saving in bonds Abt+1 and 

savings in stocks Ast+1 to maximizes the sum of two components in Equation 12. The first component is the 

period utility from consumption and health. The second component is the discounted expected future value 

function. Equation 13 is the budget constraint. Equation 14 presents the law of motion regarding health. 

Equation 15 presents the non-negative constraints for consumption and financial assets in every period. 

 

3.7. Model Parameters 

Table 1 below is the summary of this model’s key parameters. 
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Table-1. Summary of Parameters 

Description Parameter Value 

Retirement age K 40 
Discount factor β 0.96 

Risk averse parameter σ 5 

Gross return for risk free assets R̄ b 1.025 

Utility weight on health α 0.2 

Fraction of retirement income to last working year’s income λ 0.8 

Health transition matrix πH [0.95,0.05; 0.2,0.8] 

 

4. SIMULATION RESULTS 

This section presents the simulation results and the discussion. By using backward induction and 

numerical methods (See Appendix A), I solve this life cycle model and obtain the policy functions of 

consumption, savings in bonds and savings in stocks. Then I simulate the three shocks in the model, i.e. 

productivity shock, health shock and gross rate of return for stocks. After that, 10,000 individuals are 

simulated to track their behaviors on average. 

Table 2 below shows the simulation results in terms of consumption: consumption increases in health. On 

average, the households with good health consume 49% (43.82 vs 29.26) more than the households with poor 

health. The difference in the consumption level across health is almost constant over life cycle. For both 

health states, consumption first increases at very young ages, and then remains stable for the remaining life. 

 

Table-2. Consumption across health in the simulated model. 

Age Poor Health Good Health 

25 13.89 21.12 
30 22.09 35.85 
35 29.82 48.50 
40 32.50 48.79 
45 33.60 49.14 
50 33.44 47.93 
55 33.12 47.21 
60 32.11 44.36 
65 30.44 46.11 
70 30.00 45.95 
75 30.84 47.04 

Average 29.26 43.82 

 

There are two channels through which health could affect consumption: the substitute effect and the 

income effect. In my model, consumption and health are considered as substitutes in the sense of marginal 

consumption decreasing in health. In this perspective, individuals with poor health are willing to consume 

more than the healthy households. On the other side, households with poor health receive less income and 

therefore less consumption, which is called income effect. Thus, households with poor health consume less 

than healthy households. Overall, the substitute effect and the income effect work in opposite directions. The 

simulation results show that in this model, the income effect dominates over the life cycle. 

Savings in bonds increase in health over the life cycle, which is demonstrated in Table 3. On average, 

healthy households save 27% (78.3% vs 61.6%) higher in bonds than those with poor health. The difference of 

savings in bonds between two health states becomes smaller in the middle of the life cycle. The life cycle 

pattern of savings in bonds presents a hump-shaped curve and the shape is the same across health. 
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Table-3. Savings in bonds across health in the simulated model. 

Age Poor Health Good Health 

25 0.001 1.89 
30 16.01 51.49 
35 50.80 79.49 
40 69.73 88.48 
45 76.14 91.09 
50 80.68 92.70 
55 82.34 93.91 
60 84.17 95.09 
65 80.38 95.21 
70 75.73 93.69 

Average 61.60 78.30 

 

Table 4 reveals that savings in stocks also increase in health over the life profile. Healthy people invest 

39% higher in stocks (34.69 vs 25). The pattern of savings in stocks is also hump-shaped: they first increase, 

then stay at a relatively high level to finally decrease sharply at the end of the life cycle. The tendencies 

are the same across health. Savings in bonds and savings in stocks decrease at the very old age for both health 

states. One potential explanation is the lack of bequest motive, which should be the primary reason why 

households hold bonds and equity assets, especially as they age Yogo (2016). 

 

Table-4. Savings in stocks across health in the simulated model. 

Age Poor Health Good Health 

25 2.28 12.12 
30 18.21 27.59 
35 25.13 33.98 
40 27.79 37.62 
45 28.85 38.25 

50 29.67 38.97 
55 29.53 38.97 
60 30.12 39.25 
65 28.73 40.01 
70 27.67 39.15 
75 27.02 35.69 

Average 25 34.69 

 

Table 5 illustrates the simulated results regarding the risky portfolio share, which is defined as the ratio 

of savings in stocks to the total financial assets. The risky portfolio share presents the same pattern across 

health during the life cycle:  when young, agents’ risky portfolio share is high. As they age, this share 

decreases, which is consistent with the empirical evidence. There are two conflicting motivations when a 

household considers the demand for risky assets. On the one side, as a risk-averse agent, it is naturally 

reluctant to expose more risk in the financial market when he is already facing income risk and health 

uncertainty. On the other side, it wants to accumulate its wealth quickly, by participating in the financial 

markets with higher expected stock returns. At the very young age 251 for both health levels, households do 

not have much wealth that the risky portfolio shares are extremely high. This implies the second motivation is 

particularly strong and dominates the total effect. As they get older, more wealth has already been 

accumulated in their life cycle. Thus, the wealth motivation becomes much weaker, and the hedging 

motivation grows into the leading factor. Therefore, a significant risky share decline occurs at age 30 until age 

40. After that, the share is almost flat until the end of life. 

 
1 The first time period in the model. 
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Table-5. Risky portfolio share (%) across health in the simulated model. 

Age Poor Health Good Health 

25 99.96 86.52 
30 53.22 34.89 
35 33.09 29.94 
40 28.49 29.83 
45 27.48 29.57 
50 26.88 29.60 
55 26.39 29.38 
60 26.35 29.22 
65 26.33 29.59 
70 26.97 29.47 
75 28.07 28.24 

 

In respect to the risky portfolio share across health levels, for age 25 to age 35, the  risky share is 

higher for the households with poor health, who has a much stronger wealth accumulation motivation than 

the good health group. This is because of their lower income due to poor health. In the rest of life, the 

risky portfolio share is positively correlated with health, which is in line with the empirical literature (e.g. 

Rosen and Wu (2004)). As people aged, the incentive of wealth accumulation declines, while the hedging risk 

motivation        increases. For the households with good health, which could be considered as a type of safe  asset, 

they are willing to take more risk in the financial markets than the poor health group. 

 

5. CONCLUSION 

In this paper, I study the impacts of health and health risk on households’ consumption  and portfolio 

choices. I explore this in the context of a life cycle model with a working stage and a retirement stage. My 

findings demonstrate that consumption, savings in bonds and savings in stocks all increase in health. The 

risky portfolio share increases with health in most of the life cycle (except for very young ages), which is 

consistent with the empirical literature. As of age profile, when young, the risky portfolio share is high. From 

the middle age, the risky share decreases and keeps almost steady in the rest of life. My paper highlights the 

significant of health and health risk on households’ consumption, and financial decisions. If the unhealthy 

households could improve their health status, their overall well-beings would be promoted with higher 

consumption and more financial assets. 
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 Appendix-A. Numerical Solution and Grid Search Method 

        In this life cycle model, a household has a finite life period instead of an infinite horizon, which make the 

model more realistic. The model is solved using backward induction over a discretized state space. State 

variable health Ht, income Yt, and gross stock return Rst     are discretized into through Markov chain process 

with corresponding transition matrices. Financial assets of bonds Abt and stocks Ast are discretized into 60 and 

50 grids separately and generated in logarithm space. 

        The model is solved from the last period T . The last period of life is deterministic, so the policy 

functions in the last period are trivial: the household will consume all its wealth and leave no assets2. 

 
2 There is no bequest motivation. 
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Therefore, the last period’s value function corresponds to the utility function. This value could be used to 

calculate the policy functions in T − 1 period and obtain the value function in period T − 1. By doing this 

procedure, I could solve the model recursively until the first period. 

        The maximization of value function iteration step is done by using grid search method. The value 

function iteration algorithm follows the steps below: 

• Step 1. As mentioned earlier, the state space is discretized into finite grids for all state variables. 

• Step 2. Use the backward induction. The value function of T + 1 is zero, i.e. VT +1 = 0, and is used as the 

initial value. For the last period T, the optimal choice of Abt+1 and Ast+1 are both zero. According to the 

budget constraint, corresponding consumption could be determined at each grid of state variables. 

Thus, the value functions in the last period T are also determined for all the state grids. 

• Step 3. For the periods before last period, fix the current state variables (Abt, Ast, Yt, Rst, Ht).     I begin with 

the first element in each state variable vector. 

• Step 4. For each possible choice in the control grids of saving in bonds Abt+1 and saving in stocks Ast+1, 

calculate Rt = U (Ct, Ht) + βEV (Abt+1, Ast+1, Yt+1, Rst+1, Ht+1), where Rt is a single period (period t) 

return function. Yt+1, Rst+1 and Ht+1 are taken expectation by using their corresponding transition 

matrices respectively. Consumption is determined by budget constraint, i.e. Equation (7). If consumption 

is negative for a particular Abt+1 and/or Ast+1, assign a large negative number to Rt as a penalty. 

• Step 5. Find the location of the maximum and the maximum of Rt by choosing Abt+1 and Ast+1 in their 

own state spaces. Store this maximum as the corresponding element of the updated value function, V 

(Abt+1, Ast+1, Yt+1, Rst+1, Ht+1). Specify the location of this maximizer as of the corresponding element 

in the policy vector. 

• Step 6. Complete Step 3 through Step 5 for every grid of state space (Abt, Ast, Yt, Rst, Ht)  and then update 

value function and policy functions for a single period. 

• Step 7. Update value function recursively from period T until the first period by repeating Step 3 to 

Step 6. Keep the corresponding elements in value function and policy functions for each period (from t 

= T to t = 1). 
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