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ABSTRACT

The main aim of this paper is devoted to derive some relations of Gegenbauer matrix polynomials of two
variables. Volterra integral equation and a new representation of these matrix polynomials are given here.
We introduce new generalized various forms of Gegenbauer matrixz polynomials of two and three matrices
by using the method of integral transforms to Hermaite matrix polynomials. Furthermore, famalies of
generating matrix functions are obtained and their applications are presented.
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Contribution/ Originality

This study is one of very few studies which have been investigated to new families of
Gegenbauer matrix polynomials of two variables with two and three matrices is introduced using
integral transform method and allow the derivation of a wealth of relations involving these
matrix polynomials, and discuss its various special cases and their applications are presented.
These results allow us to note that the use of the method of the integral representation is a fairly
important tool of analysis and can be usefully extended to other families of Gegenbauer matrix

polynomials which is a problem for further work.

1. INTRODUCTION AND DEFINITIONS
The study of special matrix polynomials is important due to their applications in various
critical areas of statistics, physics, engineering and applied mathematics [1, 27]. Orthogonal

matrix polynomials are becoming more and more relevant in the two preceding decades. Only
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very recently, some results in the theory of classical orthogonal polynomials are extended to

orthogonal matrix polynomials; see [3-24].

In mathematics, Gegenbauer polynomials or ultraspherical polynomials Cf(X) are

y/ p—
orthogonal polynomials on the interval [—1,1] with respect to the weight function (1— X2) Z,

They generalize Legendre polynomials and Chebyshev polynomials, and are special cases of
Jacobi

polynomials. They are named after Leopold Gegenbauer.
In the scalar case, the Gegenbauer polynomials are defined by the generating function (see

Andrews [257 pp.185 eq. (5.67) and Temme [267] pp.155 eq. (6.45))

F(x,t) = (1-2xt+t?)* =Y Cro0t"; [ x<L|t|<1,
n=0

1 -
where A > —E. By expanding the function F(X,t) = (1— 2xt +t2) * in a binomial series

o0

t" for [t|<1.

n

and we know that F (t) has a convergent power series ZC
n=0

Motivated by the work of Dattoli, et al. [277] who have used the link between Hermite and
Gegenbauer polynomials to introduce generalized forms of Gegenbauer polynomials where the
strategy of generalization outlined in Dattoli, et al. [277] benefits from the variety of existing
Hermite matrix polynomials. The structure of this paper is as follows: In Section 2 summarizes
previous results of Gegenbauer matrix polynomials of two variables and includes a new property
of these matrix polynomials and gives a new generalization of the Gegenbauer matrix
polynomials by means of the hypergeometric matrix function. Section 3, we build the Volterra
integral equation of Gegenbauer matrix polynomials of two variables. In Section 4, we introduce a
generalization for Gegenbauer matrix polynomials of two and three matrices by modifying the
integral transform and give an explicit expression and generating matrix functions, which allow
us to express them in terms of Hermite matrix polynomials. Some special cases of the results

presented in this study are also indicated.

In this section, we will give some useful definitions, fact and lemmas. Throughout this paper,

if A is a matrix in CVN its spectrum o(A) denotes the set of all the eigenvalues of A. The

zero matrix or null matrix of C™*N will be denoted by O . Furthermore, the identity matrix of
CV*N Wil be denoted by l.

Fact 1.1. (Dunford and Schwartz [287)
If T(2) and g(z) are holomorphic functions of the complex variable Z , which are defined in an

open region €L of the complex plane, and A, B are matrices in C"N with o (A cQ and
o ( B) c Q, such that AB = BA, then Jfrom the properties of the matrix functional calculus, it follows
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that

F(A)g(B)=g(B)T(A). (1)
Definition 1.2. (Jédar and Cortés [297)

Let A beamatriz in CVN , the Pochhammer symbol or shifted factorial is defined
(A). =AA+1)(A +21)..(A+(N-D1)=TA +nD)C AN 21, (A), =1. (1.2)
Lemma 1.8. (Jédar and Cortés [297)

If 'Y s a complex wvariable with |y| <1 and @ is a complex wvariable, then

g(a) = (l— y)—a = Z::O(ar‘]—)ln yn s holomorphic function in C . Therefore, applying the

holomorphic functional calculus [287 to any matriz A in C NN the image of Q , acting on A yields

(A,
g(A)=@-y)* = Z(n?“ y"i lyl <1, (19)
n=0 Ik
where (A)n is defined by (1.2).
Lemma 1.4. (Lancaster [307])
If ”A” denotes any matrix norm for which ||| ” =1 and if A is a matrix in C NN and ”A” <1

then (| + A)_l exists:
(I+A)=1-A+A - A+ A" - A +...(14)

If DO is the complex plane cut along the negative real axis and 10g(Z) denotes the principal
3 1
logarithm of Z, then Z?2 represents €XP (E log(z)). 1If A is a matrix in C NN With

1
O'(A) - DO’ then A? = \/K =exp (% log(A)) denotes the image by

1
= 1
z2=4z= exp (E |Og(Z)) of the matrix functional calculus is acting on the matrix A.

Definition 1.5. (Jédar and Company [317)

Let A bea positive stable matrix in C NN such that
Re(z) >0, foreveryeigenvalue z € o(A). (1.5)

Then the Hermite matrix polynomials are defined by
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t3n]

_ k ~
H . (x, A) = n!;ﬁ(x«/ZA)”’”. (1.6)

Definition 1.6. (Jédar, et al. [327)

Let A be a matrizin C NxN satisfying the condition
YA
(—5) ¢ o(A) forall ze 2" U{0}. (1.7)

Then the Gegenbauer matrix polynomials are defined by

[%”] 13K n—2k

= kl(n—2k)! (An«- (1.8)

Definition 1.7. (Jédar and Cortés [27])

Let A bea positive stable matrix in chN , then Gamma matriz function F(A) is defined by

I'(A) = fe*‘t’*'dt; t*" = exp((A-1)Int).(19)

Notation 1.8. (Defez and Jédar [107)

By using (1.2), we have the relations
Aok =WA),(A+nl),,

a1 1 (1.10)
Az =2 (gA)k(E(AH))k-
(ny, =DM g k<n

(n —k)!

We conclude this section recalling a result related to the rearrangement of the terms in an
iterated series. If A(K,Nn) and B(K,N) are matrices in CYN for n> 0, k=0, then in an

analogous way to the proof of Lemma 11 (see,Defez and Jédar [17), it follows that

0 0

SSBK,n) =3B k,n—k)

n=0k =0 n=0k =0

2 & . ! (1.11)
SSAK,N) =D DAk,n-2k), ‘
n=0k =0 n=0k =0

o L
DIAK.N)=D>Ak,n-mk);meN.

n=0k =0 n=0k =0

Similarly to (1.11), we can write

S3Bk.n) =33Bk.n+k),

n=0k =0 n=0k =0

. 0] = o (1.12)
SSAK.n) =33 Ak,n+k),

n=0k =0 n=0k =0

o Ll © o

D> Ak,n) =>>A(k,n+mk);meN

n=0k =0 n=0k =0
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where [X ] denotes the greatest integer in X .
Recently, in Shehata [837, a new extension of Gegenbauer matrix polynomials with two

variables was presented. To defined it, the starting point was the following formula
F(, Y.t A) = (1-2xt+yt?) A =D Crx " x| yl<L,|t|<1. (1.18)
n=0

This formula turns out to be the key for the definition and development of the properties
mentioned in the paper [337, to guarantee that (1.13) is term-wise differentiable with respect to
its variables X, Y and t. However, we will see that formula (1.13) is correct with the addition of

the following conditions | 2xt — yt 2 |< 1 and <1. This is to clarify the correct definition

of the generating matrix function for Gegenbauer matrix polynomials.

2.PROPERTIES OF GEGENBAUER MATRIX POLYNOMIALS

y 1
Let A be a matrix in CV™M satisfying the spectral condition (_E z) ¢ o(A)

Vzel" U{O} If I} and I, are the roots of the quadratic equation 1-2xt + yt2 =0 and r

is the minimum of the set {rl, I’2}, then the matrix function F(X,Y,t, A) regarded as a function
of t, is analytic in the disk |t |< I for every real number in | X |<1 and | Y |[<1. Therefore,
Gegenbauer matrix polynomials of two variables are defined by the generating matrix function

"33
FO Yt A) = (L-2xt + yt2) * = SCA L™ [XISL] YLt T )
n=0

or, equivalently to the previous definition to generating matrix function in (1.18). Then, the

Gegenbauer matrix polynomials of two variables are defined by

[%”] K\ k n-2k
-1 2
CH&W=Z()y(” (A) i (2.2)

&~ KkI(n-2k)!
It is clear that
Co(x,y)=1, Cl(x,y)=2xA,
(2x)"
n!

Cl(x,y)=2x’A(A+1)—yA and C*(x,0) = (A),.

X
Replacing X by T and t by t\/y in (2.1) and in view of (1.8), we get
y
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(1-2xt +yt*)™ = gcf [%} (t W)”. (2.9)

Now, comparing (2.1) with (2.3), we obtain

Zc (X, y)" = A(XT]M_)

Equating the Coeficients of t", we get

C:‘(x,y)=y20n’*(i]- o

Wy

Replacing X by —X and t by —1 in (2.1), the left side remains unchanged, we obtain
C (=% y) = (-1)"Cl(x.y). (25)

For Xx=1 and Y =1, we have

(1-t)2A =>t"Cr1)ltI<1.
n=0
By (1.8) to obtain

CA(LY) = %(2A)n'(2 6
n:

For X =0, it follows

(L+y17) " = 21'CAO,y).
n=0
Also, by (1.8) one gets
2—A_w(_1)n ng 2n . 2
L yt?) =2 2 =yt (A I L
n=0 -

Therefore, we have

1
c;;(o,y)—( )y (#),.Ch.0.y) =0, (2.1

From (2.7) one gets

0 0 2(-1
Zeh0)=02Ch,0)= ( oA

For Yy =1, (2.4) reduces to

Y AA+D),.  (28)

C,(x1)=Cr (%) (2.9)
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where C: (X) is well known Gegenbauer matrix polynomials [15, 34].

Note that the Gegenbauer's matrix polynomials of two variables are the solutions of the

following matrix partial differential equation:

2

(y —xz)%cf(x,y)—x(ZA +I)§Cn“(x,y)+n(2A +nl)CA(x,y)=0,n>0. (2.10)
and satisfy the three terms matrix recurrence relationship:

NnCA(x,y) = 2x(A+(N=1)1CA, (X, y) - YRA+(N=2)1)CA, (X, y);n>2. (21)

We recall that for the Gegenbauer matrix polynomials of two variables the following
relations are obtained

ar A 1 ar A
ox" n \" -1)72" ayr c:n+r (X’ y) =0 (2.12)
and
6X' nA ) - r r n—r (X’ y)f (QlB)
aayrr : ? == ' r n—2r (X1 y)

2t(x—
From (2.1) and using the relations (1.10) with | t\/y |< 1 and (—m <

1, we have
-tyy)?

2y-A 2t(x —4Y) —2A
1—2xt +(t =(1- 1-t
(A-2xt +(t\y)*) ( Aty ) ) Aty

i (A), zktkk(:( 7‘\/y_)k (l_t\/y_ _@aszia) — ii A) A +2k|r?'nk2|ktk (x *\/y_)k (t\/y_)n
! n=0k =0 K2
i (A) @A)n 2 [(2A) T2 (x —\[y)"

5 (\/y_)ntn+k

(A), (2A), (2A +1nl1), [(2A),, 172" (x —+[y)" "k
Aok =0 (n —k)Ik! GJy)rt

2

i (—1)k(—m)k(ZA)n(2A+nl)k[<A+;|)k]l[ ‘*/_J
=§k=0 nik! o

These results are summarized below.

Theorem 2.1.

« 1
Let A be a matriv in CVN such that A satisfy the condition (_E 2) ¢ o(A),

~J
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X
VzeZ” U{O} with \/y \/_ < 1. Then the Gegenbauer matrix polynomials of two variables have
2,y

the following hypergeometric matrix representation:

_(2A),y?
B n!

Ay —x
2y |

Cr(xy) (2.14)

,F, m2A+nIA+2I

Definition 2.2.(Defez and Jodar [17)

Let B be a matriz in CNVN such that
B+nl s an invertible matrix for all integers n>0.  (2.15)

Then, we define a new generalized Gegenbauer matrix polynomials of two matrices by using
the hypergeometric matrix function in the form:
1
[,n]

crocyB)=Y f)ZK),(zx)“an,kAn_k 016

where

Ki(n—i)!
o @Y e

where A and B are matrices in C™™™ such that A satisfies the condition (1.7), B satisfies
the condition (2.15) and AB =BA .

B, =nly* ,F (-kI,B;-nl;y) = jz

When B is the zero matrix, then the generalized Gegenbauer matrix polynomials of

two variables reduce to
C, (%, y:0) =C(x,Y) (2.18)

From (2.17), we can write in the following integral representation

=y F‘l(B)I J.e‘(““’t Thin '[1+yt ) dtdu. (2.19)

Theorem 2.3.

Let A and B be matrices in CNXN such that A satisfy the condition (1.7) and B satisfy the
condition (2.15). Then the generalized Gegenbauer matrix polynomials of two variables have the following

integral representation:
CA(x,y;B)=T"'(B )ije‘“*”t "ut'ch (x Y (1+ yt—u)jdtdu. (2.20)

Proof: Using (2.16), (2.17) and (2.19), we obtain (2.20). Thus the proof is completed.
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The purpose of the next section is to introduce the Gegenbauer matrix polynomials of two

variables by means of a Volterra integral equation.

3.VOLTERRA INTEGRAL EQUATION

Replacing N by 2n in Eq. (2.10), we write the matrix differential equation

(y =x )—CZn(x y)-— x(2A+I) CZn(x y)+2n(2A+2nI)C2n(x y)=0. (3.1)

From the equation (2.17), one gets

0 0 " .
yc;ﬂ (x,y) = ZA&CZAn_'l(x, y) =4AA+ 1) CrA (%, Y). (32

Integrating (8.2) and using (2.7) and (2.8), we get

0 K n
2 Can(xy) = 4A(A+1) [[cad (2, y)dz (5.5)

and

Ca(xy) = 4AA+1) [[(x-2)Ch% (2, y)dz+( ) y'(A),. (54)

Using (8.2)-(3.4) in (8.1) gives
(y=X*)CA%3 () - xQA+1) [ChF (2, y)dz

+2n(2A+2n|)j0(x—z)CA+2'(z y)dz+(( _)) y"(A+nD)(A+2l1), =

From (8.5) and we replace N by n+1, we get Replacing N by n+1 in Eq. (8.5), we have
(y =X )Ca™ (x,y) - X(2A+ 1) [[CA? (2, y)dz
+4(n+1)(A+ (n +1)|)j (x— 2)C2 (2, y)dz (3.6)

( 1)n+1 y" A+ (n+1)D(A+21)

n+l

Next, the matrix differential equation (2.4) with N = 2N +1 can be expressed as

(y X ) C2A;1+1(X y) X(2A+ I) CZA;Hl(X y) 37
+(2n +1)(2A+ @n+1)1)Cs ., (X, y) O.

The formula (2.6) glves

0 ~a: .
CzAn+1(X y) = 2A— Co (%, y) = 4A(A+1) Cr3 (X, Y).(3.8)

a 2
By integrating (8.8) with the help of (2.12) and (2.13) we get

£ chutxy) = 4AA+1) [T 2 y)de 9
and
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Ch. (X, y) =4AA+1) Lx(x —~2)Ch% (z,y)dz +2(_n—?)n xy"A(A),.  (3.10)

By virtue of Egs. (8.8)-(8.10), the matrix differential equation (8.7) becomes

(y=X")CA% (x,¥) - x(2A+1) [ CA% (2, y)dz

+(2n+1) QA+ (2n+1)1) jox(x— 2)CA2! (2, y)dz (3.11)
2(-1(n+2) )
+Txy”A(A+ (n+E)I)(A+2I)n =0

which on replacing N by n+1 in Eq. (3.11) implies

(y=x*)CHE (6 Y) - XA+ 1) [[CA2 (2, y)dz
+(2n+3)(2A+(2n+3)1) on(x —2)CA2 (2, y)dz (3.12)

2-1)"(n+ )

n+l 3 _
ey Y AAr DA, =0.

Combining Egs. (8.6) and (3.12) demonstrates in the following result:

Theorem-3.1.

Let A be a matrix in satisfying the condition (1.7). The Volterra integral equation of the

Gegenbauer matriz polynomials of two variables is given as
(y=x")C2 (%, y) - x(2A+1) [[C? (2, y)dz
+(N+2)QA+(n+2)1) jox(x —7)CM? (2, y)dz (5.13)

(D™ )

(m+1)! (ZXA)H_zmym+l(A+(%n+1)l)(A+2|)m+1 =0,

where N = 2m.

In the next section, we introduce new families of Gegenbauer matrix polynomials of two and
three matrices by using the integral representation method. The generating matrix functions,
matrix partial differential equation and the series definition for the new families of Gegenbauer
matrix polynomials are derived. We also give here the finite summation formula involving their

Gegenbauer matrix polynomials and discuss its various special cases.

4.CONNECTIONS BETWEEN GEGENBAUER AND HERMITE MATRIX
POLYNOMIALS

As already remarked, firstly, a new generalized form of the Gegenbauer matrix polynomials
of two variables is introduced by using the integral representation method

10
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A . 1 ® _ty A+(n-1)! y
Cr(x,y;B)=—T (A)joe t H, | x, B Jdt (4.1)
n!

where Hermite matrix polynomials of two variables Hn (X, Y, B) defined by Batahan [857]

[%”] K\ k
— (_1) y I n-2k
Hn(X, y, B)—nlgm(x ZB) ,nZO. (42)

It is evident that in view of the relations
y _n
Hn[x,t—,Bjﬂ 2H_(x~ft,y,B),

H, (x ,i’—,BJ:t”Hn(xt,yt,B).
From (4.1) and (4.3), we can be expressed equivalently as

"

Ch(xy; B)z%r-l(A)fe*tA*(2 " H, (x+t, y, B)dt. (4.4)

Also, in view of the relation (4.3) the above equation can be expressed equivalently as
1
n!
Now, making use of equation (1.9), (4.2) and (4.5) we find that the Gegenbauer matrix

CA(x,y;B) = =T (A) j:e’tt"" H_(xt, yt, B)dt. (4.5)

polynomials of two variables are defined by the following series

[%"] vk K
C(x,y;B) = kZ:c;( Ii!)(ny—(Z':))Tk (x+/2B)"*. (4.6)

We have the following main theorem.

Theorem 4.1.

Let B be a matriz in VN , where Re(1t) >0 for all eigenvalues p1 € o(B), and let A be a

matriz in CNN satisfying the condition (— %) go(A) forall Z€ 2" U{0}, AB=BA and

” B” < E . Then the generating matrizx function for Gegenbauer matrix polynomials of two matrices is

ic:(x, y;B)t" = (I — xt</2B + yt?1) ™ (4.7)
n=0

11
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xt\/ﬁ—ytzluq.

Proof. From (1.12) and (4.6), we have

where

H(-1)* y* (x/2B)" MG
nZ;kZ; k!(n —2k)!

(A (-9 (V2B)"* i
‘nzékzé K!(n—k)!

SCAx,y;B)t"
n=0

Using (1.2) and (1.3), one get

(2B —ytl)" = i<—vti!(<:fi>”

we can write

ZE(A)”(X\/f_y“ VU (1 —xty2B +yt21)™

STAHX,YB)
n=0

This completes the proof.
Secondly, we can introduce generalized Gegenbauer matrix polynomials, the new
Gegenbauer-type matrix polynomials of three matrices defined by using the integral

representation in the following relations:

CA(x,y;B,P) = —r-l(A)j MU Gy Byt (as)

Also, in view of the relation (4.8) the above equation can be expressed equivalently as

A(x,y;B,P)= %Fl(A)j:e”tA*(“l)' H, [x i/— B jdt (4.9)

and
CA(x,y;B,P) = %Fl(A)j:eP‘tA' H_ (xt, yt, B)dt. (4.10)
By using Hermite matrix polynomials o;‘ two variables and (4.10), we obtain the Gegenbauer

matrix polynomials of two variables CnA(X, Y; B, P)

M (k=n)I-A
Cr(xY;B,P) = Z( Y kIT( —2k)(|A)n < yk(x~[2B)" %, (4.11)

12
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Theorem 4.2.
Let B and P be positive stable matrices in C NN satisfying the conditions Re(ut) >0 for all
eigenvalues Ll € O'( B) , RE(V) >0 Jor all eigenvalues v € O'(P), and let A be a matriz in CVN

Z
satisfying the condition (— E) g o(A) forall Z€ Z" U{O}, such that A \B and P are commuting

1
matrices and ||B|| < T . Then the Gegenbauer matrixz polynomials of two variables have the generating
2

matrix function:

iC:(X1 y;B,P)t" :(P—Xt\/ﬁ+yt2|)fA (4.12)
n=0

Xtv/2B - yt*1| <|P|.

Proof: This can be proved by using equations (1.8), (1.4)), (1.12) and (4.10).

where

Similarly, thirdly, we introduce the extension Gegenbauer matrix polynomials of two

variables using the Hermite matrix polynomials to get further extensions in the following form

Tm1

fa(x,y;B P)_—r (A)je Puy A+ Hnm( v Bjdu (4.13)
’ u

we can immediately derive that

(X y;B,P) = —F’l(A)j e ™u*" H,  (xu,yu, B)du. (4.14)

where 2-index Hermite matrix polynomials of two variables Hn‘m (X, Y, B) are specified by the

series definition [367].

[on]

( ) y n— mk
Hom (X y,B) =n! Z (x/mB) (4.15)
kl( k)l
By using (4.14) and (4.15), we obtain the series definition for the generalized Gegenbauer
matrix polynomials of two variables as
[En]
m

cA (X,y:B,P) = Z (_1)k yk P(m—l)kl—m_A(A)

K~ mio! n-{m-k (Xm)”fmk. (4.16)
k=0 \n— :

Theorem 4.3.
Let B and P be positive stable matrices in C NN satisfying the conditions Re(gt) >0 for all
eigenvalues 1 € o(B), Re(v) >0 for all eigenvalues v € o(P), and let A be a matriz in C NN

YA
satisfying the condition (_E) go(A) for all Z el” U{O}, such that A B and P are

13
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commuting matrices and ”B” < i Then we have:

Jm

ic;}m(x, y;B,P)t" = (P —xtvymB + yt"1)™* (4.17)
n=0

xtv/mB — yt™|

Proof. From (1.8), (1.4), (1.12) and (4.16), we get the proof of equation (4.17) similarly.

<[l

where

In the following, we obtain some properties for the Gegenbauer matrix polynomials of two

variables as follows.

Theorem 4.4.

The Gegenbauer matriz polynomials C,ﬁ m (X,¥; B, P) of two variables satisfying the following

relation

%Crﬁm(x, y;B, P)+(—1)”(\/mB)r% Ay (% YiB,P)=0. (4.18)

Proof: Differentiating (4.17) with respect to X and Y, we get
tAVmMB(P — xtvmB + yt™1) ") = Zaicn’fm(x, y;B,P)t"  (4.19)
n=0 OX
and
O
—t"A(P—xt\mB + yt"1) A =" CA (x,y;B,P)t".  (4.20)
n=0 8y
[teration (4.19) and (4.20), for O <r < n, implies (4.18) and the proot'is completed.

Theorem-4.5.

The Gegenbauer matrix polynomials Crﬁ m (X, y; B, P) of two variables satisfying the following

relations

%c:m(x, y:B,P) = (mB)' (), C7 . (xy:B.P),

0" (4.21)
—Con(%¥:B,P) = (=1)"(A), C5y (X, Y: B, P).

n—mr,m

Proof: From (4.19) and (4.20), we can write

14
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NMBA(P — 2xt/mB + yt™ )" A = Z%C,ﬁm(x,y;B,P)t”‘l
n=1
o0 a N
= Z&Cnﬂm(x Ys B, P)t
n=0
mypy—(A+l) — S 8 A . n-m (422)
— A(l = xt~/mB + yt™I) = chnym(x,y,B,P)t
= Z%Crﬁm.m (x,y;B,P)t".
n=0
By applying (4.17), it follows that
m —XtvmB + yt"1)" = mB X, Y; t"
AVMB (P — xt/mB + yt™ 1)) AVmB C2:'(x,y; B, P)
n=0 (4.23)

— A(P —xt/mB + yt" 1) A = S ACH ! (x,y; B, P)t".
n=0

Identification of the coefficients of t" in (4.23) yields
n+lm(x y B P) AV CA+I(X y B P)

jy CA. (% Y:B,P)=—ACA! (x,y;B,P).

which gives

O (x,y:B,P) = AVmB C2 (x,y;B,P),

OX

0 (4.24)
EC””"(X’ y;B,P)=-AC., . (X Y:B,P).

[teration (4.24), for O < r < n, implies (4.21), we complete the proof.

Remark-4.1.
The generating matrix function for the Hermite matrix polynomials s
xt\/ yt i Ny
1)™" = exp[xt~/mB — yt"1]= ZFHn,m(x,y. B).

0

lim (I -

r——w

As a result we obtain the following finite summation formula:

Theorem-4..6.

Gegenbauer and Hermite matrix polynomials satisfy

© 2015 Conscientia Beam. All Rights Reserved.
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[ln] k
o, (-1) (A)n—(m—l)k A+(n—(m-1)k)I
kZ; K!(n — mk)! nFo (K1, m-1

Ax(n-(m ml)k1+ =D (m-ppH™) (129

2"(V2A) " Y H e (X, Y, B).

Ch.(x,y;B,P) =

Proof. In Metwally, et al. (367, the expansion of X"l in a series of Hermite matrix polynomials
has been given in the form

1

[=n]
Sn _ n!
(X mB) - rzzol m Hn—mr (X, Y, B) (4.26)

By using (1.12), (4.16) and (4.26), it can be proved.
On the other hand, differentiating (4.16) with respect to X, the C:m (X, Y; B, P) satisfy

differential recurrence relation
~a(%y; B, P) = AVmBCM' (X, y; B, P). (4.27)
The relation is of special interest, we can write

0 —Coin(%y;B,P)=(A-1)YymB C.. (%, Y; B, P). (4.28)

a n+1,m

Compare (4.19) with (4.18), we obtain

0’

5 x ——5Coin (X, ¥iB,P) = A(A-1)(¥mB)* C1\ (X, ¥;B,P).  (1.29)

In (4.20), it is easy to see

n

=3 Crin (% VB, P) = (—/mB)"T(I - A ((1-n)1 = AYCL" (X, ;B P).  (4.50)

On the other hand, differentiating (4.17) partially with respect to X and then with respect to

t, we get the following differential recurrence relations
0 A ) _ 0
(X a_n)cn,m(x’ Y B! P) - ya n— m+lm(x Y B P) 4.31)

and

16
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[(m—l)x%l +nl +mAJC.. (%, y;B,P) = P%C,ﬁl’m(x, y;B,P). (4392

Now iteratively applying the linear differential operator in (4.32) m—1 times on (4.31) and

using at each step the simple relation

ox 2 rby L

0" 0
— (ax—+Db—na). (4.83)
0 X 0 X
From (4.33), we get the matrix differential equation of order M in the following form

[((M =1)x ~2-1 01 +mA +m(m —2)1)(M —1)X ——1 +nl +mA +m(m -3)1)
0 X oX

(M =1)x 2y +mA)(X i—n)]Cn“m (x,y;B,P) (4.34)
0 X 0 X ‘
:ymm( /mB)_um_laaXmCfﬁm(x’y;B’P)

These results are summarized below.

Theorem-4.7.

Let A, B, and P be commuting matrices in CYN' Then the C:m (X, Y; B, P) is a solution of
the matrix differential equation of order M .

Now, by making use of the differential operator @ = X—— which possesses the interesting

property that 0 x" =nx" , we have

[in] k. k (m-1)ki -nI-A
m (-1 - k) P A
(_e)mcr:\m()g % B, P) - Z ( ) y ( n+m )m ( )nf(m—l)k (X\/ﬁ)n—mk
’ = kI(n—mk)! (+.55)
[in] k \,k (m-1)kI -nl-A .
m_ (=1 - P A
- Z ( ) y ( n)mk+m ( )n—(m—l)k (Xm)n—mk
=0 kf(n—mk)!(=n),,
and also
o+n""to 1N ZA—m=-2)1) .C” (x,y:B,P)
. m m '
[=n] k \,k p(m-1)(k-1)I-nI-A
o, (-1)°y'P (A)n -1y JmB -
= n-m mB(x~vmB)"™ 36
2 (k—1)1(n—mk)! (x/m8) (4:26)
=myP™* (xvmB) ™" (-6),,C., (X, V; B, P).
17
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On the other hand, for C:m (X, Y, B, P) , we derive the following relations:

[(—9+n)(m?_19 | —%I ~A-(m-2)I)._,

(4.87)
—myP"™*(x+/mB) ™" (-6),IC2,(x,y;B,P) =0
an
where, by virtue of the formula (—H)n x¢ = (—X)n X X~
X
Thus, the following result has been established:
Theorem 4.8.
The C: m (X, y; B, P) satisfies the matrix differential equation
o+ 201 - A (m-2)1)
m m m- (4.38)

—myP™ ™ (xv/mB) ™ (-6),,]C2, (x, y; B,P) = 0.

Finally, it is now interesting to extend the above results to new generalized forms of

Gegenbauer-type matrix polynomials of two variables.

+ 2y
Vv

Crﬁm,v(x1y;B’P)=%F_1(A)jowe_PuUA x,—— B |du (4.39)

where Hn‘m’V(X, Y, B) generalized Hermite matrix polynomials is defined by Upadhyaya and

Shehata [37]

&y
Hn,m,v (X’ Y, B) = n'z (X mB) v (4.40)

= "=k g
14
and the generating matrix function
0 tn
> —Hom, (%, Y,B) =exp (xt” ymB —yt"). (1)
n=0 n

In fact, by noting that

Hnmv(x’ay’ B) = aEHnmv(a_aX’ y’ B)’
0 o m (4.42)

a'H__ (xy,B)=H

n,m,v

(aX,aVy, B),

n,m,v

18
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From (4.39) and (4.42), one gets equivalently as

(xu, yu, B)du. (4.48)

n,m,v

Clay (0 ¥iB,P) = ST (A e Put! H
o n! 0

Now, making use of equation (1.9) and the formula (4.43), we find that the Gegenbauer

matrix polynomials of three matrices are defined by the following series

(m—v)k—nk

A
[%n] (_l)k yk P (A) n—(m-v)k n-mk
Crﬁm,# (%, y;B,P) = z — —(xvmB) v (4.44)
=0 r =M
14

Theorem 4.9.
Let B and P be positive stable matrices in cNN satisfying the conditions RE( ,u) >0 Sor all
eigenvalues 11 € o(B), Re(v) > 0 for all eigenvalues v € o(P), and let A be a matriz in C NN

Z
satisfying the condition (_E) go(A) for all Z el” U{O}, such that A ,B and P are

1
commuting matrices and ”B” < T . Then the Gegenbauer-type matrix polynomials of two variables has
m

the following generating matrizx function:

n,m,v

iCA (x,y;B,P)t" =(P—xt"vmB + yt"I)™* (4.45)
n=0

where

xt”/mB — yt"|

Proof: Multiplying both sides of (4.43) by t", summing up over N, using (4.41) and them

<[Pl

integrating over U, we have (4.45). This completes the proof.

In this paper, several new families of special matrix polynomials are introduced using
integral transform method and allow the derivation of a wealth of relations involving these
matrix polynomials. These results allow us to note that the use of the method of the integral
representation is a fairly important tool of analysis and can be usefully extended to other families

of Gegenbauer matrix polynomials which is a problem for further work.
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